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PREFACE

The 1IRIA (Infrared Information and Anilysis) Center is a Department of Defense
information and analysis center operated by the Environmental Research Institute of
Michigan (ERIM) under contract to the Office of Maval Research. Its mission is to
collect, analyze, and disseminate to authorized recipients information concerning in-
frared and elcciro-optical research and geveicpment. To this end, the IRIA Center
publishes and distributes IRIA Annotated Bibliographies, the infrared Newsletter,
IRIA Data Compilations, the Proceedings of the Infrared Information Symposia
(Proc IRIS), the proceedings and/or minutes of the meetings of the six Specialty
Groups of IRIS, IRIA State -of -the -Art Reports, and procecdings of the DoD Confer-
ences on Laser Technology. The center serves as a national reference library in
military infrared technology, offering assistance and advice to visitors having the
appropriate clearances and need-to-know. Special bibliographies and searches are
prepared for IRIA -IRIS members upon request.

All IRIA -IRIS publications through 1 February 1971 are available rom the De-
fense Documentation Center (DDC). Since that date, such publications are available
or.y from the IRIA Center on a service charge basis. Membership in IRIA-IRIS is
available by annual subscription, and includes receipt of ducuments as they are
published. '

Inquiries concerning the annual subscription plan should be directed to:

IRTA Center

Environmental Research Institute of Michigan
P. O. Box 618

Ann Arbor, Michigan 48107

Telephone (313) $83-0500 Ext. 281

Department of Defense Agencies desiring to join IRIA-IRIS should write:

Office of Naval Research
Boston Branch Office
495 Summer St.

Bogston, MA 02210

Attn: Mr. T. B. Dowd
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FOREWORD

Approximately eight years ago the Environmental Research Institute of
Michigan's (ERIM) Infrared Information anad Analysis (IRTA) Center supported, under
contract to the Navy, an effort to produce a State-of -the-Art Report covering methods
of calculating atmospheric transmittance usirg band-models. In the Intervening
years many investigators have been busy either 'n Improving band-model methods or
producing olher techniques for calculating atmospheric transmittance. It was con-
sidered appropriate, thereofore, to lavestigate the present state-of~the-art and publish
a report describing it.

The result of this investigatior. is the gubject matter contained in this volume.
This effort was also supported through IRIA by the U. S. Navy under ONR Contracts
N0O0014-73-A-0321-0002 and N00214-74-C-0285. Technical monitor for the proje~t
was Dr. Willlam J. Condell, Director of the¢ Physice Program, Office of Naval

Research.

This report goes beyond simply demonstrating methods for calcalating transmit-
tance. Since the major work described in many of the efforts cited in the report has
been directed toward determining the transfer of radiation in the atmosphere, it was
recognized that the state-of-the-art encompasses the whole concept of radiative
transfer. No one has yet golved the total problem of radiative transfer, nor do we
propose to try to show how it 1s done here. We have been satisfied to separate the
problem into two major categorics, that of scattering, aad that of absorption; and
present an overview of how people are currently trying to achieve results incorporat-
ing the most accurate {(or most convenient) approximations in the simplest or least

costly ways possible.
This report differs, then, from the previous one in two important ways. It covers
the entire problem of radiative transfer rather than just transmittance, and it covers

techniques which go beyond mere calculation with mere-or-less simple band models.
The cut-off period for the material contained in this report s approximately
mid-1974.

Because of the assistance they rendered in the compilation of this report, we
would like to acknowledgze the efforts of Mrs. Grace Teng for attending to many of
the details of computation and assembly, and Mrs. Rose Coleman for typing the
rough manuscript. We very much appreclate the fact that the manuscript was

° Picco?i21 pago blank
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critically reviewed by Dr. George Zissis, Direstor of RIA, and by other recugnized
experts in the field of radiative transfer outside of our laboratory. For thelr part
in reviewing the manupcript, we wish to thank Dr. S. Roland Drayson of the Univer-
sity of Michigan's Department of Atmaspheric and Oceanie Science; i, Aharon
Goldman of the University of Denver’s Department of Physics and Astronowiy; and
Dr. Benjamin M. Herman of the University of Arizona's Institute of Atmospheric

Physics. The responsibility for any discrepancies that have eluded their scrutiny is

naturally assumed by the authors.
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ATMOSPHERIC TRANSMITTANCE AND RADIANCE:
METHODS OF CALCULATIONS

1
INTRODUCTION - DESIGN AND USE OF THE REPORT

1.1 PURPOSE AND SCOPE _
This report has three major objectives: {1) to bring current awareness of the various tech-

niques for calculating atriospheric transmittance and atmospheric radiance up to date; (2) to
assist the designer of military systems in studies of systems effectiveness: and (3) by as-
sembling a variety of calculation techniques and auxiliary inforimation, to make a report gen-
erally ugeful in the comparison and assessment of such methods by anyone seeking atmospheric

transmittance and radiance calculations.

It vas not intended that the user be able to make calculations directly from the material
in the report. Although to do so would be very useful, a far greater, and ¢bviously infeasible,
effort would have been required than was expended in the construction of this report. Most
of the methods covered require the use of complicated programs, some of which are not
universally available, and would, in addition, probably not be too useful without consultation
or extensive documentaticn from the originator. On tiie other hand, we would hope that it
is possible, on the basis of the material presented here, for the user to choose the technique
best suited to his needs and resources, and make whatever arrangements are needed to per-
form a successful calculation. We do not presume, furthermore, to present complate information
covering the complex field of radiative transfer. This would certainly take the report beyond
its scope, which 18 to review the state-of-the-art of methods of calculating atmospheric trans-

nmitiance and radiance.

1.2 OVERVIEW OF REPORT

Early in 1967, IRIA published its first state-of-the-art report covering atmospheric
phenomena [1] . Since then the activity in this fiel has been considerable; sufficiently so
that the early report no longer describes the state-of-the-art. It is considered timely,
therefore, to update the old report which has served a very useful purpose over this span of
elght years, Because of the scope of activity in this field, this requires, however, more than
just a substitution of new data for old. For example, whereas the old report concentrated
exclusively on the calculation of molecular absorption through the use of band mcdels, we

now also consider the radiative properties of the atmosphere. 'These are important to the
|

1. D. Anding, Band Model Mcthods for Computing Atmospheric Siant-Path Moizcular Ab-
sorption, Rept. No. 7142-21-T, Willow Run Ladoratories of the Institute of Science and
Techrology, University of Michigan, Ann Arbor, 1867,
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field experimenter in the discrimination between signals from discrete radlators and the
atiaospheric background, and to the meteorologist in studies of radiative transfer, This
repors also includes the effect of particles in the atmosphere, both in their effect on simple
extinction of radiation and in multiple scattering.

To distinguish further between this and the original report, the total dependence on band
models for atmospheric absorption has been rendered needless because the old arguments
for avoiding molecular line-by-line calculations now have less validity. One reason is that
high-speed calculations can be done more cheaply than before since they can be performed
more efficiently with modern hardware and software. Many investigators have developed
elaborate programs for making such calculations, Anothier reason is that more and better
data are available on line parameters, and more confidence, therefore, can be placed in
their use. By no means, however, have band models been discarded, and they remain the
best methods by which calculations can be made where cost-and time are inportant and some
accuracy can be compromised.

Persons with experience in the field of atmospheric phehomena will notice that we have
virtually aveided the huge mass of European and other foreign literature in assembling this
report. Unfortunately this represents a significant void, especially from the standpoint of
the Russian and Japanese work in this area. Limitations on time and resources, however,
prevented broadening the scope of the effert to include these valuable additions. The reader
is referred to the various international conferences, such as the one recently held at the
University of California [2].

Because of the traditional approaches to the study of these atmospheric radiation mech-
anisms, they have come to be more-or-less associated with different spectral regions;
absorption is generally assigned to the infrared, and scattering to the visible, with some
degree of overlap in the near-infrared region. This disassociation is retzined in the report,
and is manifest essentially in the separation of the report into two parts, one devoted to
molecular absorption, the other to multiple scattering. However, those models which treat
single scattering as just another extinction mechanism to supplement molecular absorption,
retain thelr integrity.

This report follows the pattern of the previous state-of-the-art report. Each model is
presented in as much detail as is needed to describe it amply without overburdening the
report. It is impossible, in attempting to cover a field that is moving so rapldly and that cuts

2. J. G. Kuriyan (ed\), The UCLA Intcrnational Conference on Radiation and Remote Prob-
ing of the Atmospere, UCLA, Los Angeles, August 1973,
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across so many disciplines, not to have omitted, in some cases, important Ipformation®*.

Rectifications for such omissions can be made in future up-dating of the state-of-knowledge.

1.3 SECTION-BY-SECTION REVIEWS

1.3.1 SECTION 2. RADIATIVE TRANSFER THEORY

This section is devoted to a treatment of the general equation of radiative transfer. The
emphasis in describing the set-up of the equation is toward scattering, because the greatest
complexity in the solution of the equation is in its scattering phase. Indeed, the foremost
facet in the solution of the radiative transfer equation is its geometrical complexity, which
tests the ingenuity of the investigator in attempting to derive cost-saving methods of com-

putation which retain an acceptable degree of accuracy,

'l‘hé tutorial approach to Section 2 was intended to help the uninitiated user to become
sufficiently based in understanding of the essential theory and nomenclature to help him
understand more thoroughly the relatively complex ideas to be presented in later sections.

1.3.2 SECTION 3. METHODS OF CALCULATING RADIATIVE
TRANSFER FOR SCATTERING

Certainly many man-hours of effort have been spent in recent years on the development
of various computational methods for the sointion of radiative-transfer problems. In spite
of all this work, however, there remain many "unsolved" prcbleme. They are unsolved in
the sense that: (1) an exact mathematical solution may not exist; (2) the computation time is
80 long that a rzasonably accurate solution is not feasible; or (3) the mathematical formula-
tion of the problem has not been sufficiently developed. Our interest here is aot ¥0 much
in the specification and analysis of theoretical models of radiative transfer per se, but
rather in the description of reasonable computation methods which can be used in the develop-
ment of or use ol a comprehensive atmospheric radiative-transfer model.

* To get some idea of the scope of this subject one need only refer to the bibliography of
Howard and Garing [ 3] , with approximately 750 entries covering only about three years work,
and that of Laulainen [ 4] with over 1300 entries covering a 30-year period [5].

3. J. N. Howard and J. Garing, "Atmospheric Optics and Radiative Transfer," EGS, Vol.
$2, No. 6, IUGG 371, June 1971,

4. N. Lailainen, Projoct ASTRA, Astronomical and Space Techniques for Research on the
Atmosgphere, ABGTRA Publication No. 18, University of Warhington, Secattle, 1672,

8. N. Laulainen, "Bibliography of the Spectra of Atmoepheric Minor Cases,"” Appi. Opt.,
Vol. 12, No. 3, 1973, p. 617,
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The computation methods reviewed are as follows:
1. exact solutions
2, iterative method

. spherical harmonics method

discrete ordinates method

-

invariant imbedding technique
doubling technique

moment methods

. Monte Carlo method

. Schuster-Schwarzchild method
10. Eddington's method

11, Romanova's method -

12, Turner's method. ,
The format in presenting scattering methods is thus somewhat different from that for absorp-

tion, in that the goal in the absorption methods is actually to produce transmittance and ra-
diance models, in addition to reviewing the raathematical techniques.

1.3.3 SECTION 4. THEORY OF ATMOSPHERIC ABSORPTION

After reviewing the radiative transfer equation, we discuss the formal solution, showing
that the important part is integration over wavelength or frequency, inasmuch as the very
large spectral variation in the absorption coefficient requires the use of numerical methods.
This presents a dufferent format than for scattering, for which the spectral variation is small,
A description of the major absorbers is given along with some of the mechanisms for ab-
sorption. The Air Force Cambridge Research Laboratories (AFCRL) Compilation of line pa-
rameters {8 discussed in this section. |

1.3.4 SECTION 5. GENERALIZATION OF METHODS OF CALCULATING

ATMOSPHERIC ABSORPTION )
The two general methods of numerically integrating within finite spectral intervals are

" the so-called line-by-line, direct integration method, and the category of what are generally

known as band models. As stated earlier in this section, the aversion to the ling-hy-line
method no longer exists except that computing costs can sometimes be excessive. As far as
band-models are concerned, this section devotes attention mainly to the more-or-less
“classical" models, or adaptations from them. Much of what has been available in the liter-
ature for some time §s presented here. We show also some of the more recently reported
methods for deriving band-model parameters, especially using line parameters a8 compiled,
for example, by AFCRL.

Becausie the parameters derived for band-model calculationé are usually pertlaent to
the homogeneous almosphere, and because slant-path calculations involving inhomogeneous
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atmospheres are more intercsting than horizontal-path calculations, methods are derived to
use homogercous data in non-homogeneous cases. The Curtic-Godson approximation is dig-
cussed and certain eritiques of it are given.

1.3.5 SECTION 6, DETAILS OF THE LINE-BY-LINE METHOD

OF CALCULATION

Using 4 compilation of line parameters and the appropriate equations relating these
parameters to the absorption coefticient, one could, with a simpl» trapezoidal-rule {or more
accurately, Simpson-rule integration), reproduce the line structure of molecules and cal-
culate the spectral transmittance for known atmospheric paths. The cost, however, would be
large. Methods have been devised to take advantage of the peculiarities in the line structure
and perform a direct integration at lower cost. Nevertheless, the cost of calculating by the
direct method is still very high in comparison with the use of band-models methods,

Some of the methods, namely those of Kyle {§] and Scott [ 7], use a constant spacing of
points on the abscissa for the integration interval, but achieve an efficient calculation by
optimizing the size of the spacing. In this way, they are able to obtuir a reascnable accuracy
while limiting, to some extent, the computation time. In Kyle's method, the region near the
1inc center can be accomodated with a relatively coarse mesh, but, as mentioned by Gille
(in Kuriyan, 1973), the disadvantage is in requiring a relatively finc mesh for the line wings,

where coarser meshes can be accommodated.

In Scott's method the mesh size fer integration is determined by the half-width of the
line, But since the half-width varies with altitude, the mech size varies also with altitude,
The smallest mesh size is determined by the half-width at the highest altitude used in the
cakculation,

Checking the accuracy of these different methods would require making independent
calew'zt?ons, deemed infeasible in this study, even if the programs were available. Avail-
abllity can be ascertained only by contacting the authors, which was not done for this
report in these cases. The major feature of these methods seems to be speed of computation,
although in Kyle's case it i8 not obvious that this is always achieved. No assessment of
Scott's technique har. been made except that presented in Section 6 from Scott'e paper.

8. T.G. Kyle, "Net Intorval for Calculating Absorption Spectra,” J. Opt. Boc. Am,, Vol. 88,
No. 2, 1868(c), pp. 192-195.

. N. A. 8cott, "A Direct Method of Computation of the Tranamission Functlon of an In«
homogeneous Gascous Medium, 1: Description of the Method,” J. Quant. Spec. Rad.
Trans., Vol. 14, 1974, pp. 601-704,
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The Drayson technique | 8] : nd the Xunde and Magulre technique | 9], which is patterned
after Drayson’s, dc not shift the constant mesh, as does Kyle, but use a variable width of
intervals. In this way, they can compgute with high resolution at the line centers and coarser
resolution away from the centers of lines, This tecpnique optimizes quadrature, evaluating f
the absorption coefficient at the fewest numter of wavenumbers by usingz Gaussian quadrature.

Very high fideufy can be achieved if the quadrature intervals are spaced closely; however,

~1% can be achiever by making the intervals coarser. At the same time this allows the pro-
gram to run faster,

The avallability of the Drayson and Kunde-Magulré programs is not known, although they
were made available to IRIA, We have not used the Kunde-Maguire program, nor have we
discussed its use with the originators. We have used the Drayson program, but only with
close consultation with Drayson. It is likely that anyone applying this program to an atmbspher-

ic problem would require the same, unless Drayson publishes it along with extensive documenta-
tion.

Drayson alleges (in a private communication) that an "independent check with Kunde
shows a maximum error in transmittance of about 0.0001 using the most accurate options
in the program, It may be made faster (but somewhat less accurate) by using lower order
quadrature or larger intervals."” We have used Drayson's program on an IBM 260 computer
and found that, as a very rough rule of thumb, the cost of computing, in the calculations we
made with a low-order quadrature, was perhaps in excess of $0.15 per spectral line.
(Coution, however; this number cuuld be considerably different,up or down.)  We would ex-
pccet that the computing time of the Kunde-Maguirve program is at least comparable. One
has the option in Drayson's program of ignoring weak lines, but it is obvious that, in the
Q-branches of bands where tha lines number in the thousands, the cost of a direct integration
can be considerable, You pav a stiff price for accuracy, and in many cases there is no other

choice, because band-models simply cannot reproduce actual conditions as well as line-by-
lire calculationa,

None "( the line-by-line methods are able to account adequately for absorption in the
so-called continuum regions of the spectrum. Therefore, the effect of the continuum
{especially HoO) must be accounted for empirically, as with band models.

Arking and Grossman [ 10], following an eariier precedent, have described a technique
for avolding a dircct line-by-line integration without resorting to the usual band-model

8. 8.R. Diayson, The Calculation of Long-Wave Radiative Transfer in Planetary Atmo-
spheres, Report No. 075841 -T, Univeraity of Michigan, Ann Arbor, 1967,

9. V. G. Kunde and W. C. McGuire, "Direct Integration Tranamittance Model,” J. Quant,
Spect. Rad. Trann., Vol. 14, 1974, p. 803.

10, A. Arking and K. Grossman, "The Influence of line Shape and Band Structure on Tem-
peratures In Planetary Atwiogphere,” J. Atmos. Scl., Vol. 29, 1972, pp. 937-949.
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methods, The technigue of substitutiug an absorption coelficient distribution (k-distribution)
for the actual ordering of spectral lines is described in this section, giving some simple
distributions related to relatively unrealistic-mod»ls, but 1iso to some actual line data. A
serious restriction of this mcthod is that the atmospacre must be homarencous, Gille (in
Kuriyan, 1973) points out that in a given real band, the distribution forms a “histogram of
absorption coefficients,' and that the transmittance is calculated from

-k.w

N'a i
(w) = Zbie
i=1

N
whereZ: b‘ =1, and hi and ki are functions of the cenditicns in the horaozeneous layer.
i=1

1.3.6 SECTION 7. ILLUSTRATIONS OF BAND-MODEL METEODS

As band-model techniques were presented in the former state-of-the-art report [ Anding,
1967] , the methods of various investigators are described in Section 7. These methods al!
depend dirzctly on the use of one of the original band models described in Section 5, or
adaptations {rom them, in one way or ancther. The mcthods included are:

Statistical Model - Ellingson: Rodgers and Walshaw;
Goldman and Kyle

Quasi-Random Model - Kuude; Haurwitz

~ Other published Single-Model Computations - Danicls: Jackson
Aggregate Method - Anding, Rose, Walker
LOWTRAN 2 Method - AFCRL/McClatchey, Sclby, et al.

The statistical model calculation methuds of Ellingson [ 11], Rod:rers and Wishaw [12]
(after whom Ellingson patterned his approach), and Goldman and Kyle, are straightforward
applications of the 'classical” models. The importance of their contribuiions to the state-
of-the-art lies mzinly In the cxplicitness with which the techniques are described, and the
detail in which the line parameters were applied. We should expect that the results represaont
accuracies limited only by the basic limitations in band-mndel methods and the atmogpheric
data used in the calculation. All of the methods are adequately explained in the original
papers, and with a reasonable thoroughness ir this section., It would nat he a simple matter
to apply these methods directly to an individual's problem, because the computation tech-

niques are generally unavailable in the publicaticns, and, exe~pt for a few small spectral

1!, R.G. Ellingson, A New Lonz-Wave Radiative Tranafor Model: Calibration and Applica-
tion to the Troptcal Atinosphere, Report No. 72-4, Florida State Unlversity,
Tallahasree, 1872,

12, C. D. Rodgers and C. D. Walshaw, "The Computation of Infrared Coolir~ D1te in Plane-
tary Atmospheres,” Qrtly. J. Royal Meteor. Soc., Vol. £3, 1615, pp. 67-42.
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intervals, few band-model parameters are included. It is the absence of the latter, however,
which is the more serious, since programming the equations should be no difficult matter,
although perhaps tedious. Anyone seriously interested in performing atmospheric trans-
mittance and radiance calculations should be familiar with these techniques, notwithstanding

the absence of some peripheral material.

The quasi-random method of Kunde [13] and of Haurwitz [ 14] are direct applications
of the methods advanced in the work of Wyatt, Stull and Plass [15] and Stull, Wyatt and
Plass {16] . Kunde includes a program in his report for the computation of H20 vapor trans-
mittance. The program can be obtained by consulting the original work [13] .

Quasi-random techniques have not received the serious consideration in the literature
that they perhaps deserve. Given a set of line parameters from which to calculate band-model
data, it seems that one has unlimited potential for performing calculations with reasonable
accuracy and a range of spectral resolutions suited to his own taste. But since the cost vs
accuracy tradeoff often resides at one of the two extremes, the quasi-random model is

usually neglected.

The methods of Daniels and Jackson are presented because they also represent contri-

butions to the state-of-the-art. The computer program generated by Daniels [17] has not been
openly published although it may be available from the originator. Jackson's work has limited ‘
accessibility because it is described in a repor{ with limited distribution. Daniel's method has ;
been described, however, in one of the trade journals [18], and is accessible, therefore, in prin—‘
ciple, at least through a description of the method used.

The last tso methods presented in Section 7, the Aggregate method and the LOWTRAN 2 ;
method are the two models, to our knowledge, which have complete, or nearly complete,

availability and accessibility. The Aggregate method is described in an Aerospace Corporation

13. V. G. Kunde, Theoretical Comp-tations of the Qutgoing Infrared Radiance from a Plane-
tary Atmosphere, NASA Report No. TN-D-4045, Goddard Space Flight Center, Green-
belt, Md., 1967(b).

14. F. D. Haurwitz, The Distribution of Tropospheric Infrared Radlative Fluxes and Asso-
clated Radiative Fluxes and Associated Heating and Cooling Rates in the Southern
Hemisphere, University of Michigan, Ann Arbor, 1972,

15. P. J. Wyatt, V. R. Stull and G. N. Plass, Infrared Transmission Studies, Vol. 2: The
Infrared Absorption of Water Vapor, Report No, 8SD-TDR-62-127-Vol. 2., Ford
Motor Company, 1962(a).

16. V. R. Stull, P. J. Wyatt and G. N. Plass, Infrared Transmission Studies, Vol. 3: The
Infrared Absorption of Carbon Dioxide, Report Nn, 8SD-TDR-62-127-Vol. 3, Ford
Motwor Company, 1963.

17. G. Daniels, AVCO Everett Research Laboratory private communicaticn, 1973,

18. G. Dantels, "A Computer Program for Atmospheric Infrared Transmission and Back-
ground Calculations,” Optical Engr., Vol. 13, No. 2, 1974, pp. 92-97.
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report by Hamilton, Rowe and Anaing | 19], and a synopsis of the method is contained in this
report in Section 7.4. The Aggregate method was so named because it is a compilation of the
various models, or adaptations of them, which were explained in the IRIA 1967 state-of-the-art
report, The compilation was later formulateu in 2 computer program by Anding, Rose and
Walker at the Environmentasl Research Institute of Michigan (ERIM).

There is sufficient coverage of various models in the Aggregate method to make it 2
reasonably accurate technique for calculation, certainly within 20';, of reality except under
severe conditicns; but hardly better than a few, say 5% , under optimum conditfons. These
same statistics hold for LOWTRAN 2, which s perhaps no more than one should expect to
achieve, considering the poor availability of reliable atmospheric environmental data whi~h
are essential iaputs to either method. The Aggregate method suffers from a minor drav back,
the fact that the spectral resolution inheren. ta the result {3 not consistent with what is
achievable with even moderately good spectral instruments. Furthermore, the results ary
from relatively good resolution, approximately 1 cm'l. to values of the order of 100's of
cm'l. The cost of running a spectrum in transmittance and radiance is attractive, as s the
case with LOWTRAN 2, being on the order of $5.00 to cover the range to 30 um. The . nectral

resolution, for LOWTRAN 2 is a constant 20 em 1,

LOWTRAN 2 differs from the Aggregate method in a rather basic way. It is a completely
empirical method, being derived from no particular formal model, but tased on the fit of an
empirical formula to experimental data and data calculated from the AFCRL compllation of
line parameters. Since a single, empirically derived, function is expected to perform the
work of the many different functions ir. the Aggir egate method, LOWTRAN 2 is much neater
and more easily manageable; but it seems not as adaptable to changes in atmospheric con-
stituents, and is, therefore, more subject to error. However, in view of the usually poor
knowledge vre have of meteorclogical conditions {for a given circumstance, we are not neces-
sarily seriously hampered by a minor lack of accuracy in the band model, Thus, there seems
from these considerations, to be a toss-up in choice between the Aggregate and the LOWTRAN 2
methods.

From the point of view of availability and accessibility, LOWTRAN 2 geems to edge out
the Aggregate. LOWTRAN 2 is available in a card deck which can be obtained [rom Air Force
Cambridge Laboratories. The report issued to explain the use of LOWTRAN 2 [ 20] has
adequate documentation so taat the use of the program on the cards is easy. Furthermore,

19. J. N. Hamilton, J. A. Rowe and D. Anding, Atmospheric Trangmission and Emiseion
Program, Report No. TOR-0073(3050-02)-3, Aerospace Corporation, 1973,

20. J. Selby and R. M. McClatchey, Atmospher!c Transmittante from 0.25 to 2.35um:

Computer Code LOWTRAN 2, Report No. AFCRL-72-0745, Air Force Cambridge
Resecarch Laboratorles, Bedford, Mass., 1872,
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the method is graphically represented in another report [21] which makes it easy to perform
spot-check spectral transmittances in a very short time.

The program for the Aggregate method is obtainable from ERIM, and elsewhere, but at
present the documentation is not expilcitly described as for LOWTRAN 2. Neither method is
easily adaptable to atmospheric parameters aside from the ones provided in tne five atmo-

spheric models given in Section 10,

1.8.7 SECTION 8. MULTI-PARAMETER ANALYTICAL PROCEDURES

The calculation methods presented in this section are based on functions which incorpor-
ate a larger number of parameters than the band models described in Section 7. We have
found only a few documented methods which fit into this category, but it seems apparent that
the large number of feasible variations is limitless, if perhaps needless. As is the case in the
rest of the report, the methods presented in this section are representative, since it would be
1mpossible to present every technique created, even if they could all be found. We did not
attempt to include anything which pre-dates Zachor's work { 22] . Those presented here
represent the investigations of Zachor, Gibson and Pierluissi,and Smith,

Each method presented here would appear to be an attractive candidate as a calculation
technique, from the viewpoint of both simplicity and accuracy; however, they have been
created for singular purposes, and are not easily adaptable to outside use. Zacher presents
parameters in his report [23] which would allow a user tc perform calculations in a limited
region for CO4. Smith's data set [ 24] is also limited, although in a different region, and for

H20 and COz.

Gibson and Pierl:issi [ 25] published a long list of coefficients which were derived from
the data of Wyatt, Stull and Plass (1962a) and Stull, Wyatt and Plass (1963). These data have
been found slightly deficient, particularly in certain Q-branches, and Pierluissi [ 26)

2i. R. A. McClatchey, et al., Optical Properties of the Atmosphere, Third Edition, Report !

No. AFCRL-72-0497, Air Force Camu-idge Regearch Laboratories, Bedford, Mass., '

1872. ;

1

22, A. 8. Zachor, "A General Approximation for Gaseous Absorption,” J. Quant. Spect. Rad. !
Trans., Vol. 8, 1968(a), pp. 771-781.

23. A. S. Zachor, "Equations for the Transmittance i the 2u COg Bands,” J. Quant, Spect.
Rad. Trans., Vol. 8, 1968(b), pp. 13411349, !

24. W. L. Smith, A Polynomial Representation of Carbon Dioxide and Water Vapor Trang-
mission, Report No. NESC 347, National Enviro..mental Satnllite Center, Washington,
D. C., 1869.

25. G. A. Gibson and J. H, Plerluissi, "Accurate Formula for Gaseous Transmittanne in
the Infrared,” Appl. Opt., Vol. 10, No. 7, 1971, pp. 1509-1518,

26. J. M. Plerlulssl, "Polynomial Representation of Transmittance Models," Appl Opt.,
Vol. 12, No. 4, 1973, pp. 776-778.
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published another paper with a partial listing of coefficients derived from experimental
data,

Unless the user is prepared to perform a considerable effort in compuing‘par::meters
for his own use, it seems he will only be able to put the methods of Zachor, Gibson-Pierluissi,
and Smith {and presumably others) to limited use, Still, the accuracy achieved by them is
favorable, at least on the basis of comparisor.s niade by the original investigators, and they
appear straightforward to program and use.

1.3.8 SECTION 9. LABORATORY MEASURLMENTS, FIELD MEASUREMENTS

AND THE RESULTS OF CALCULA™ION FOR ABSORPTION

The first part of this section is included to give the user a guide to the kinds of data that
have been used for generating parameters for the various calculation methods. One should
be able to obtain in part foom this, in conju..ction with the assessmentsg of the formulations of
the computation techniques, the range of conditions from which he can expect the best accura-
cies in calculation, and thus, at what points the extrapolated values are likely to seriously

limit accuracies.

In the rest of this section, we have attempted to delinzate some of the types of field
measurements that have been reported, to give the user a guide to what comparisons can be
made to judge the accuracy of calcuiated results. The readevr will find, however, that these
judgments are not so easy to make, ever. though the experimental results are probably
reliable, and certa'n of the meteorological conditions are adequately documented. However,
certain trends can be observed, and from this viewpoint, at least, inclusion of some of the

. experimertal results is warranted.

In addition, comparisons are made between the calculated results obtained using the
Aggregate and LOWTRAN 2 methods., The reader is referred to the body of the report for
a more in-depth discussion of the comparisons that are made.

1.3.9 SECTION 10, ATMOSPHERIC CONSTITUENTS

This section surveys a small realm of meteorology with the intent of leading the user to
some of the sources of this most important element in the calculation of atmospheric trans-
mittance and radiance. To give some idea of the scope of a more complete effort, we should
like to direct the reader to a study, the results of which are not yet openly available. This
study is the resull of a program in the Department of Trausportation entitled Climatic Impact
Assessment Program (CIAP), designed to determine regulatory constraints on flights in the
stratosphere such that ao adverse environmental effects result. Much of the program is
documented in six supporting monographs, describing the atmosphere and things that impact
on the atmosy ere, We believe these will be an extremely useful set of documents.
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The subject matter of this section i3 very important. We have laid a reasonable amount
of stress in previous sections on techniques of calculation, and the fidelity with which they
represent the actual physical process of absorption and scattering. We have found, however,
that if one is willing to compromise on accuracy, the chcice of a method can at times be madz
arbitrarily. For the mnst part, in previous sections, when we have stressed the variability
of accuracy, we have, at the time, chosen to igrore the atmosphere. We can no longer do so,
because the highest achievement in accuracy can be utterly destroyed by the choice of even

a slightly devious set of atmospheric parameters,

We hope that the references, at least in part, make up for the huge maass of information 7
which obviously could not be included in che report. i 1‘

1.4 SOME TOPICS NOT COVERED IN THIS REPORT

The emphasis in this report has been on processes involving radiative equilibrium. We
have essentially ignored non-equilibrium phenomena in aimospheric emitted radiation for at
least two reasons. First, because drawing the dividing line between the incorporation of
equilibrium (thermally induced) processes, and non-equilibrium phenomena in no way com-
promises the calculation of transmittance, Szcond, because not nearly as many non-
equilibrium results have bcen found which can be used with the same finality and confidence
as those produced in the numerous investigations on equilibrium phenomena.

A similar decision had to be made regarding the matter of turbulence in the atmosphere.
It is recognized from the poiat of view, especially, of imaging systems that the subject of
atmospheric turbulence i{s one of utmost importance. But it is difficult enough to model the

atmosphere even in its stable mode.

1.5 USE OF THE REPORT
The primary objective of this report, s already stated, is to present the state-of-the-art

of the subject matter, From a hroader viewpoint, hewever, it is meant also to be more directly

applicable to user needs.

One reader may wish to have an in-depth understanding of the subject. He will have to
make more than a passing perusal of the various sections summarized above., For this type
of reader, it is assumed that his interest goes beyond merely finding the right method for

making a calculation, but encompasses also the making of judgments requiring a more-or-less
full understanding of the techniques used. He will also have to consult the references cited,
becausc the sections in this report were intended only to give sketches of the greater detafl

to be found in the original works.
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On the other hand, there is likely tc be also the reader with only a -passing interest in the
subject. He should be reasonably satisfied having read only the preceding synopsis. Also, one
may wish to find quickly the method he needs to serve his immediate purpose. He will undoubt-
edly want to read through the material in this report, but without necessarily referring, except
in specific instances, to the original works. For his purpose, we have included the sort of
guide to selection that follows.

We assume that, from the user's point of view, a given model should possess the following
criteria; (1) accuracy; (2) speed (low computation times); (3) adaptability; and (4) practicality.
The model should not be so crude that results differ greatly from exact formulations. Speed
of computation is also important especially if cne is iuterested in varying a large number of
model parameters. Adaptabllity is of importance since practical applications usually require
the alteration of boundary conditions or the charging of physical and geometrical parameters
in the problem to be solved. Finally, a useful model should be practical in the sense that it
encompasses the majority of the necessary elements for computing its expected range of
parameters. Further, the practicality of a model must be judged in accordance with its acces-
sibility.

Althodgh it is almost impossible to ascertain which modz1s have bzen developed for all
the various applications, we will present here a general chart of the overall acceptability of
mathematical models of radiative transfer, from the point of view of scattering, based pri-
marily upon the above mentioned criteria (Table 1). The model or descriptive names should
be interpreted as referring to a particular technique rather than an individual specialized
model or computer program. The methods are ranked as excellent (E), good (G), fair (F), or
poor (P).

It is immediately evident that peraons more intimately famillar with different techniques
will surely rate the different methods differently. We have tried iinplicitly to integrate the
four enumerated qualities into one ertity, utility, We realize, however, as pointed out by one
of our reviewers (Herman, private communication) that, in any calculations of radiative trang-
fer, one must decide what features are important, and what features are not. The Turner
method, for example, appears Irom Table 1 to have perhaps greater utility than other methods.
However, if the state of polarization of the diffuse field is a requirement, the Turner and other
methods fail to score with decent accuracy. On the other hand, the adaptability of the Turner
method i3 high enough thuat polarization could feasibly be included in any modification to the
technique. This may very well be true of other methods as well, although the lack of accessi-
bility of specilic information on computing techniques may conceal their real adapiability.

We have tended to score practicality heavily on the basis of accessibility. As pointed out
in Section 1.1, the primary emphasis on the utilitarian aspect of this report is toward

31

- ara——_ s bt e 7 0 25

B b om0 i AN Al A o A . T b 4 S 3 e <




\\4

T L

PRI

[Hgﬂ
FORMERLY WILI.OW PUN LABORATORIES. THE UNIVERSITY OF MICMIGAN

assistance to the military systems designer who sometimes needs only moderately accurafe
answers, but quickly. On the other hand, a score of P on the basis of computer time used
could easlly be ignored by someone whose mzain interest is fidelity to the real world. One who
has constant access to a facility-owned romputer mighl readily ignore the computer time
columa altogether. oing so would give greater aiiractive1ess to methods which othervise
score poorly.

We must concede also that the accuracy columa can only be used in some cases as a
rough guide. Admittedly, all models have uot been tested and some of these assessments
have to be made on the basis of our judgments derived from consulting otter somrc:s. On the
other hand, the indefinite nature of the entiies in Tabie 1 (and Table 2 later) apg:ar to reflzct

. a certain awareness that accuracy is a quality which is better left to the ultimat: judgment
of the user.

As far as the Aggregate and LOWTRAN 2 methods are concerned, if we should rate them
in the same way as tite scattering models, they would probably come out about equal on the
basis of "computer time,"” "adaptability,' and "practicality.” As far as "accuracy" is con-
cerned, we believe that the Aggregate method is probably more accurate because it is more
para.neter-dependent But again, we must remember that accuracy is usually more greatly
affected by factors outside the calculation methnd than it is on the method itself (which, of
course, is equally true of the scattering methods). From the point of view of availability,
we believe the LOWTRAN 2 mecthod rates higher.

The oniy absolute basis we have for judging accuracy is a direct compariscon between
calculated and measured data, several cases of which are given throughout the report, The
best test is with controlled experiments in the field, but most of these are restricted to hori-
zontal paths which do not provide a valid tert of the effect of temperature, pressure and con-
centraticn changes. One reasonable guideline is that using the models outside of the ranges
of variables provided by the iaporatory experiments (see Scction 9) can be expected ¢2 incur
errors commensurate with the extent of the extrapolation,

it we lump the absorption methnds into six broad categories and tabulate them as for the
scattering methods, we are likely to come up with something similar to Table 2.

Note: Because of the large number of symbols and nomenclature used in this report, and

because it was necessary to repeat some symbols to represent different quantities, it is essentia’

that a list of symbols and nomenclature be included. For the convenience of the reader a list of
symbols is placed at the very end of the report for easy reference.
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TABLE 1. RADIATIVE-TRANSFZR-ATMOSPHERIC MODEL RATING (SCATTERING)

Model Accuracy Computer Time Adaptability  Practicality

Exact Solutions E F b P
Iterative Method G F-P F F
Spherical Harmonics Method G F-G F-G )
Discrete Ordinates Method G P G F-G
Invariant Imbedding

Technique G P G F
Doubling Technique G E P F
Moment Methods G ) F F
Monte Carlo G ) E F-P
Schuster-Schwarzchild

Method P E G F
Eddington Method E F F
Romanova's Method F F F G
Turner's Method G-F E G-F G

TABLE 2. ATMOSPHERIC ABSORPTION METHOD RATING

Method Accuracy Compater Time Adaptability Practicality
General Statistical G-F G-E F G-F
Quasi-Random G-E P-F F F
Aggregale G-F E F G-F
LOWTRAN 2 G-F E ) 3 G
Multi-Parameter G G F F
Line-by-Line E P F G
33
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2
RADIATIVE-TRANSFER THEORY

2.1 INTRODUCTION _

In this chapter we shall delineate some of the basic quantities in radiative -transfer
analysis by describing the equation used to represent the transport of radiation through a
scattering and absorbing medium. ‘ '

The fundamental quantity used to define the amount of radiant energy at a point at some
time is the spectral radiance for 2 given polarization state. We shall neglect polarization
and define spectral radiance as the energy per unit time per unit area per unit golid angle per
unit spectral interval which crosses a small surface oriented normal to the direction of
prepagation. The symbol for spectral radiance is LA or l..p and the units generally used are
watts per square centimeter per steradian per spectral interval. The spectral dependence is
as readily given in terms of wavenumber (v) as it is in terms of wavelength (7). In the former
case, the unit interval ig cm'l and !n the latter, it isum (i.e., reciprocal centimeters and
micrometers respectively).

Another radiometric quantity of importance in the consideration of radiation transport is
the spectral irradiance, or the spectral radiant energy per unit time per unit area incident on
a surface. To obtain irradiance on a surface element (dA) one must integrate all cf the in-
coming radiation over the hemisphere centered in dA, so,

E =j L, cos 8 dd (1)

A heml A .
where 6 is the angle between the direction of propagation and the normal to the suriace, and
dl is a differential solid angle whose apex is at dA. The functional dependence of L, (or Lv)
and K, {or Ey) will be shown in the following discussion.

2.2 EQUATION OF RADIATIVE TRANSFER

Rzdiative transfer theory can bc defined as the quantitative study of the transfer of ra-
diant enecrgy through a medium which can scatter, absorb, and emit radiation. Its origin can
be traced to a paper by Schuster on "Radiation Through a Foggy Atmosphere" [27]. Later,
important contributions were made by Schwarzschild, Milne, Eddington, and in more recent
times by Chandrasekhar and Sekera. Much of the impetus was provided by astrophysics in
the study of the transfer of radiation in stars and stellar envelopes. Today, the theory of the
transport of energy encompasses neutron transport theory, radiative trar.sport theory,

27. A. ‘Bchnster, "Radiation Through a Foggy Atmosphere,” Astrophys. J., Vol. 21, 1005,
p- 1
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cosmic-ray transoort, and plasma theory. There are many analogies and in many cases the

mathematical procedures used in the analyses are quite similar.

The axiomatic basis for the study of radiation transport ig the Liouvllle equation in which
one must consider the distribution function which characterizes all particles in phase space.
By integrating over the coordinates of all particles except one we get the one-particle distri-
bution function which 18 used to describe the properties of a "'dilute™ gas; that is, we are
neglecting the simultaneous interactions of more chantwo particles, Thus, we are led to a
Boltzmann type equation for a description of the transfer of radiation through a scattering,

absorbing, and emitting medium,

The spectral radiance, defined by 9L/ax (os 2L/2v), should strictly retain the subscript,
Xory,as LA or LU. We shall retain it in the ensuing discussion, and later, for the sake of
simplicity, assume it implicit in the expression. We can consider a beam of monochromatic
radiation with radiance L)‘(A, 8, ¢, ¢, t) which travels along a path s in a direction o, ¢ (the
asual polar angles) as shown in Figure 1. We can denote the increased spectral radlance
LA(A, s +ds, 0, ¢, t)at s + ds by L)(A, 8, H,86,t) + dL)‘(A, 8, ¢, ¢, t). The change in radiance
over the distance ds can be written in terms of the following components (neglecting changes
with time):

““"x("' 8, 6, ¢9)

i = ¢(spontancous emlission) + e(stimulated emission)

+ ¢(in-scattering) + ¢(Intrinsic)
- ¢(absorption) - ¢{out-scattering) (2)

where spontaneous emlission is independent of the radiation field and stimulated emission de-~
pends on the radiation {ield, behaving as negative absorption. The term in-gcattering refers
to the radiation which is scattered from all directions into a specific direction #, ¢. This de~
pends on the radiation field and is given by:

k'{(x, 8)
¢(in-scattering) = —!?;-'—-f p(r, 8, 8, ¢, 8, #")L(A, 8, &', 8') &} (3)
4n .

where k;(x, 8) is the volume ecattering coefficlent. This is the scattering cross section per
unit volume, or the probability per unit length that an individual photon will be scattered. Its
units are cm'l. The quantity p(x, 8, 4, ¢, 6°, ') I8 the single-scattering phase function and
is a measure of the probability of scattering from a direction #', ¢' into a direction 9, ¢. It is
ncrmalized such that its integral over a complete sphere is unity, lL.e,,

1

G 4 p('\- B, 6) b H.o ¢')m' =1 (4)
14
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FIGURE 1. DESCRIPTION OF RADIANCE )
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The intrinsic term refers to a specific autonomous source placed in the medium. These four
terms comprise the gain of radiant energy at wavelength X at a point s in the medium for
radiation traveling in direction o, ¢ at time t. Loss of radiation occurs by means of absorp-
tion and the scattering of radiant energy out of the beam ‘vhich are given by:

FORMERLY WILLOW RUN LASORATOHLS, THE JU% VERSITY OF MICHIGAN

e(absorption) = -kfao«, s)LA(A, 8, 0, ¢) (5)

and

e(out-scattering) = -ké(x, u)Lx(A, 8, 6, ¢) 8)
where k;(x, 8) is the volume absorption coefficient, or the protability per unit length for the
absorption of an individual photon. Its units are cm-l. These quantities can be combined

into an extinction coefficient k'(A, 8):

k'(r, 8) = k (2, 8) + k2, 8) (M

where k'(A, 8) is the probabilily per unit length of an individual photon undergoing either ab-
sorption or scattering, given in units of <:m'1

Combining all of these terms gives us the net gain in radiance per unit length:
dL

s =70 )0, 8, 6, 8) + Y (2, 8)L, (A, 8, 6, ¢)
k;(k, s)
+ 4” p(x’ s’ 9’ ¢l 9" °.)LA(AI sl 6'9 ¢')m'
4n

+q(x, 8, 6, &) ~k'(x, s)LA(x, 8, 8, ¢) (8)

where v'(x, 8) i8 a coefficient for spontaneous emission and J(A, s, 6, ¢) i8 the source function
which is independent of the radiation field. Likewlise, y"(), s) is the corresponding coefficient
for stimulated emission and q(A, s, 6, ¢) is the intrinsic emission term. The terms y'(A, s)
and y¥"'(x, s) are related to the familiar Einstein A and B coefficients. For a more detalled
treatment of these coefficients consult Goody |28] and Stewart [29]. The complete (time-
independent) three-dimensional radiative -transfer equation for an absorbing, scattering, and
emitting lsotroplc‘ inhomogeneous atmospheric medium is therefore

'By isotropic it is meant that the scattering and absurption coefficients are independent
of direction,

28. R. M. Goody, Atmospheric Radiation, Oxford University Press, 1964(a).

29. J. C, Stewart, Some Topics in Radlative Transfer in Developments in Transport Theory,
E. Inomi and P. F. Zweifel (eds.), Academic Press, N. Y., 1967.
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ar,
g = KA, 8) =70, B L4, 8, 5, 9)

k;()‘, 8) ¢

M J“p()\, 8, 6, ¢, 8, ¢')LA(A, 8, 8", ")V’
+v'(x, )7, 8, 6, ¢) + q(r, 8, 6, ¢) ' (9

If the medium is not in thermodynamic equilibrium, the term y''(A, 8) corresponding to stimu-
lated emission may be greater than k'(z, s}, the extinction term. In that case, the medium
acts as a source of coherent radiation as in a laser. Under conditions of local thermodynamic
equilibrium however, the population of states ts such that k'(x, 8) > y'"(A, 8) and the source
term J(A, s, 6, ¢) becomes the Planck function which is on'y dependent upon wavelength and

temperature:
2 : 2 3
— T s - 2he . _ 2¢c”hv
I, 8 6 9) TrE LG T) = NBoBe/RT or L)(v, T) = [oRev/kT _ (10)

where h is Planck's constant, k i3 Boltzmann's constant and T is temperature. For the pur- v
pose of this discussion, we shall neglect the effects of stimulated emission and agsume that
the condition of local thermodynamic equilibrium holds and that the source of radiation is de-
scribed by the Planck function of Eq. (10).  Thus, the basic radiative-transfer equation is
given by:

d

-a-s—= -k'(h, B)LX(A, 8, 9; ¢)

k;(l, s)
* = . P(A, 8, 6, 6, 6', $')L, (A, 8, 6', ¢}V’
]

+k2(A, )Ly, T) + q(, 8, 6, 9) . an
Now, defining the siagle scattering albedo wo(x, 8) as
wo(r, 8)= k;(l. s)/k'(x, 8) (12)
and

Qs 8, 6, 9) =, 8, 6, /K0, 8) | a3)
Eq. (11) becomasg : \
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dL, wo(r, 8) '
'as—'=' -k'()\, S) LX(X' 8, 8. ¢) - —"_4‘;"" 4 p(x, 8, 9, ¢, 9'; ¢')LA(A' 8, 6:- ¢')m'
n
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N
-[1-w 0, Ly, T) - QO 8, 6, ¢)} (14)

We shall 1imit ourselves to the description of radiation In an atmosphere in which there are
nvu intrinsic sources. Thut, we have

dL, wo(x, 8)
"d_s" = 'k‘(kp B) LA(A’ 8, 9) “) = "_-4'1'—' P(M 8, 9v ¢, 9', ¢')LA(A0 8, 9‘1 ¢‘)m'

4n
- [1 = wolr, §)]L (0, T) (15)

This concludes the simple derivation of the radiative transfer equation. A more detailed
treatment of transport theory can be found in Kourganoff [30], Samuelson [31], and Turner [32].

We can now consider special cases of Eq. (15). First, suppose that there are no interac-
tions, either scattering or absorption. Then k'(x, s) = 0 and we have

ar,

e 0 _ (18)
The radiance is constant everywhere in this nonparticipating mediura. Second, suppose we
have no scattering. This means that wo()\, 8) = 0 and Eq. (15) becomes

dLy .
o= K0, L0, 8 0,0 - 130, ) (17

Third, let us consider a purely scattering medium, i.e., one in which no abgsorption occurs.
In this case there can be no emission and wo(x, 8) = 1. Equation (15) then bv.romes

30. V. Kourganoff, Introduction to the General Theory of Particle Transfer, Gordon and
Breach, N. Y., 1969,

31. R. E. 8amuelson, Radiative Transfer in a Cloudy Atmosphe-e, NASA Report No. TR-

R-215, Goddard Space Flight Center, Greenbelt, Md., Office of Technical Services,
Dept. of Commerce, Washingtor, D. C., 19865,

32. R. E. Turner, Trarsport of High-Energy Cosm): Rays in the Interstellar Mediun,,
Ph.D Thesis, Washington University, §t. Louis, Mo., 1870,
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dL

-d-BL = <k'(2, B) LA(A’ 5 6, ¢)

T

Fourth, let us consider the case in which the scattering law is isotropic, i.e., p(a, s, 9, ¢, 8,
¢') = 1. Equation (15) then becomes
d
.a_x;_k. = -k'(x, 8) LAQ; 8, 6, ¢)

wo(x, s) i

-— 4"11()«, 8, 8", $) A - [1 -w (1, 8)] L;(A, T)} (19)

2.3 THE FORMAL SOLUTION
In this section, we consider the formal solution of the time-independent integro-
differeatial equation of radiative-transfer Eq. (15). This can be written for some path s:

. dL, wo(, 8)
K78y ds ¢ L, 8, 6,¢) = =~ MP(M 8, 6, ¢, 6', ¢')L,, (A, 5, 6, ¢")

- [1 = wyr, 8L, T) (20)
for which the solution is:
3
LA(A, 8, J, ¢) = on" 8g» 8, & exp -I k'(x, 8')ds'
8
0

8
‘i I wol, 8K'4, 8 Jp(r, 8Y, 6, 9, 6', 8L, (A, &', 0", ¢") '
8y 4n

C 8 s
exp -j' 'k'()\, s")ds"] ds' + I 1-wsr, 8 .‘]L;(l, T)

| /s 8y
" .8
exp -I k'(x, 8™ ds’?} k'(r, 8')ds' (22)
. s'

where 8 is a general point along the path and 8y is a boundary. Formally, then, Eq. (21) is
the solution to the integrodifferential equation of radiative-transfer. The first term on the
right side of Eq. (21) represents the attenuation of the boundary radiance LA"" 8g» 8, ¢). The
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second lermn represents the contribution of all scattered radiation along the path and the last

term represents the thermal radiance along the path.

For most practical applications of radiative-transfer theory, one can consider the earth's
atmosphere to be a plane-parallel medium espectally for multiple scattering in which compli-
cations multiply, otherwise. Problems in scattering in which the earth's curvature {s taken
into account are those for which the radiance is to be determined at extreme altitudes or for
conditions of large solar zenith angles. For this discussion, however, we shall determine

the formal solution for a plane-parallel atmosphere.

Consider solar radiation entering the atmosphere at zenith angle 80 (: cos'1 “O) and
azimuthal angle ¢0 as indicated in Figure 2. Since all quantities have spectral dependence,
we ¢an drop the explicit dependence on wavelength and write Eq. (15) as

‘g{i* ‘%* “STL = -k'(x, y, 2)L(x, ¥, 2, 4, ¢)

k.(x, y, z) (2r 1
+ 4n I I p(x, ¥, z; &, ¢, u', ¢')L(X, Y, 2, u', ¢")du'de’
0 “7-1

+k(x, y, 2)L°[T(x, y, 2)] (22)

where u = cos 8
u' =cos 8
¢ =sin 9 cos ¢
{=ging6in¢

To solve Eq. (22) is very difficult in general, especlally if one considers horizontally inhomo-
geneous atmospheres with inhomogeneous boundaries. In this discussion, we shall conslider
one-dimensional atmospheres, i.e., those which possess horizontal homogeneity, and for
which:

3L _ oL

Rl 0 (23)
k;(s) = k'a(z) =x'(z)} - wo(z)] (24)
k! (8) = k. (z) = k'(zkog(2) (25)
k'(s) = k'(2) {(26)

~ Defining the dimensionless quantity optical depth as
o .
da = -k'(z)dz or q = I -k'(z)dz (27)
h
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we get for an equivalent {crm of Eq. (15):

dL wola) (2 01 .
Hag " Lia, u, ¢) - —¢ Io I lp(q: B ¢y 1y #9000, W'y ¢7)du'dé’ - [1 - wy(Q)]L (g} (28)

Thus, Eq. (28) is an integrodifferential equation which is used to describe the spectral radi~
ance in a vertically inhomogeneous, multiply scattering, isotropic atmosphere in which con-
ditions of local thermodynamic equilibrium are assumed to hold.

We now consider the solar radiation incident upon earth’'s atmosphere. The angular size
of the sun is about 30 minutes of arc but for practical purposes we shall assume that the sun
is a point source. Hence, we can write for the solar radiance at any point within the
atmosphere

Ly(a, t ¢) = Ey(q)0(n + 1) e - &) (29)

where EH(q) is the solar spectral irradiance on a flat surface normal to the direction of in-
cidence. The extraterrestrial value of the solar spectral irradiance Eo has been determined
by a number of investigators [33]. Most of the work over the past half century has been in
the form of ground-based measurements with extrapolations through the atmosphere to deter-
mine the extraterrestrial value. More recently, high-altitude balloons, aircraft, and space-
craft [34] have been used in order to eliminate the uncertainties due to the atmosphere.
The NASA Standard Extraterrestrial Solar Spectrum is now available in punched card form
from the Goddard Space Flight Center [35]. It should be noted that 99 percent of the golar
energy is in the range 0.276 um to 4.96 um, and 99.9 percent of the solar energy is in the
range 0.217 um to 10.87 ym. The solar constant, which is the solar spectrum integrated
over wavelength has a value of 135.30 mW/ cm2 at a distance of one astronomical unit. The
total annual variation is about 6 percent, from a high of 139.9 mw/cm2 at perihelion to a low
of 130.9 mW/cm2 at aphelion.

It is convenient to separate the direct solar radiation field from the diffuge radiatiun
field in analytical swudies. Thus, we can write the total spectral radiance as

Lq, 1, ¢) = Ly (q, o #) + Lpya, 1, 9) (30)

33. 8. 7. Henderson, Naylight and Its Spectrum, American Elgevier Publishing Company,
New York, 1970, pp. 72-73.

34. J. C. Arvesen, R. N. Griffin, Jr. and B. D. Pearson, Jr., "Determination of Extrater-
restrial Solar Spectral Irradiance from a Regearch Alrcraft,” Appl. Optics, Vol. 8,
No. 11, 1989.

35. M. P. Thekackara, Proposed Standard Values of the Solar Constant and the Solar
8pectrum, J. Environ. 8ci., Vol. 13, No. 4, Beptember-October 1870, pp. 6-8.
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in which LH(q. i, ¢) represents the direct solar radlance as given by Eq. (29) and LD(q, i, ¢)
is the diffuse radiance. Aiter substituting Eq. (30) into Eq. (28) we get

dLD ) wo(q) 21 v
Fgq - Lpl@ 9 - —5 «[o j 1p’.q: By & 1y $')Lp(q, p'y ¢')du ' dg’

wslq)

q
- E@nla; 1 8, =ty 8) = [1 - wg(@)] L*(a) (a1)
where . .
-/ ;
E (@=Eje Yo ‘ (32)

No exact solution of Eq. (31) has been found for a general scattering law. We can, however,
convert the integrodifferential equation of radiative-transfer into an integral equation. Thus,

for the upwelling and downwelling radiances, respectively,

"(QO'Q)/I‘
LD(Q) e ‘) = L(%’ Hy ¢) e

wol@)
4np

+

2rrl ) ,
J'o I quop(q'; w6, 1, ¢') e"(q -q)/n LD(q-" ', ¢')dq'du'd¢'
-l q

/u '

E,e -(1/uy+1/u)q

—(’———-jqowo(q')p(q': s ¢, -ty ¢g) € ‘o dq’
q _

. H p - wolaN L) €@V bag 0 <pus 339
q

and |
L@ 4 #) = L(O, -, ¢) VM

R wgla)
4zp

2nrl rq ) - '
Io I Jop(q'; ity 90 e @IVE Lo g aqiaptas

Eo e"I/“J'q e -(1/‘,0_1/‘1)(1. .
M e owo(q Wlq's -ty & = 1y &) € dq
q )
* :TJ‘O[I B wO(q')] L'(q') e-(q-q )/"'dq' O<usl - (34)
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o0
where 9 = j—k'(z)dz is the optical thickness of the atmosphere. Equation (33) describes the
0

upwelling diffuse spectral radiance at some optical depth q In an inhomogeneous atmosphere,
whereas Eq. (34) describes the downwelling diffuse spectral radlance. For homogeneous at-
mospheres, the single-scattering albedo wotq) and the single-scattering phase function are
independent of the optical depth q. In this case, some of the integrals can be evaluated and
we obtain

~(qy-a)/u
Lp(a, m ¢) = Ligy, u, 9) e

2n [
4,1“ I Pl & 1, 9 )I:o o0k L@, 1’y ¢')dq’du’ e’

. WoHoEgPts ¢, =1y, 8p) -q/u0 .e~q0/uU e-(qo-q)/u
anlu + )

l - .
. :’0 jqo e@-/1 yenae 0<pst (35)

and

LD(q, i, ¢} = L(0, -, ¢) e‘Q/u

2r
4,,u J. pl-u, ¢.u.¢)f “a-9Vu LD(q u', #')dq'du’ d¢’

! OMOEOP(‘H, ¢, “Hyr ¢0 [e_q/“ .e-q/“o]
4nu- )

1-w,rq - '
R OJ‘ e (q-9")/u i L'(q')dq' 0 <nsl;ufpo (36)
kJo

“o/u,

(qy =1y #) = L(O, =, d) e ©
Lpla, 44 Ho

w, 2101 q -(q-q't/
+ 4,30J j Py 9 ' ¢')_[ e & L@’y u', ¢')dq’ du’dg’

‘ L.(')d'
4% i w Jo ¢ 414

B = by (37)
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2.4 BOUNDARY CONDITIONS
In principle one should be able to find a complete solution to the radiation-transfer equa-

tion provided the boundary ccnditions L(qo, i, ¢) at the bottom surface, and L(0, -y, ¢}, at the
top of the atmosphere, are specified. If the cun is the only source of radiation external to the
atmosphere then the diffuse radiation entering the atmosphere is zero (l.e., L(0, -, ¢) = 0).
The conditions involving the bottom surface, considered to be opaque, are mere complicated.
In ordex; to deal with the surface one must consider the so-called bi-directional spectral re-
flectance and the directional spectral emittance. Let us consider a surface element dA with
its normal in the z-direction as illustrated in Figure 3. The differential area dA is at point
P(x, ¥, z), with z = 0. The incident radiauce is denoted by L(x, y, z = 0, u', ¢') and the ele-
mental reflected radiance dL(x, y, 0, i, ¢). The amount of radiant power incident on the sur-
face element per vnit area is L(x, y, 0, -p', ¢’)u'd2'. We then define a bi-directional reflec-

tance function as

- dL(x, y, 0, 1, $)
- LG' Y, 0, -u', @' )’ (38)

Helmholtz [36] showed that certain reciprocity relations exist for the bi-directional reflec-

fix, v, 0, p'y ¢, 1, ¢

tance function, i.e.,
f(x, y, 0, u', ¢, 1, ¢) =1(x, y,0, i, &, u', ¢") (39)

The reflection properties of a surface are completely determined by specifying the bi-
directional reflectance function for all ~..sles in hemispherical space and for all points (x, ¥)
on the surface for a given wavelength, o1 wavelength region, and polarization state. Most of
the determinations must be done experimentally [37], [38], and for that reason the data to be
collected are quite voluminous. Hence, it is convenient to deal with directional reflectances,
i.e., those reflectances which depend upon only one solid angle instead of two as in the bi-~

directional reflectance. For a more complete treatment of reflectance definitions, one shovld

consult McNicholas [39], Durkle [40], and Siegel and Howell [41].

38. H. L. Helmholtz, Physiologica! Optics, 3rd Ed., 1809,

37. Target Signature Analysis Certer, Data Compilation, Eleventh Suoplement: Vol. I,
Bidirectional Refiectances; Definition, Discussion and Utilization, and Vol. II: Bidirec~
tional Reflectance; Graphic Data, Report No. AFAL-TR-72-266, TSAC, Willow Ran
Laboratories of the Institute of Sclence and Technology, University of Michigan, Ann
Arbor, 1872,

D. Carmer, Target Signature Analysis Center: Data Comjllation, Tth Supplement, Infra-
red & Optical Sensor Laboratory, Willow Run Laboratories of the Institute of Science
and Technology, University of Michigan, Ann Arbor, 1869.

39. H. J. McNicholas, "Absolute Methods of Reflectometry,"” J. Res. Natl. Bur, 8td., Vol. i,
1928, pp. 20-72.

38.

(References Continued)
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In many studies of radiative-transfer one makes use of the corcept of Lambertian sur-
face, l.e., a surface which is perfectly diffuse. Consider the radiance reflected from a gen-

eral surface. From Eq. (38) we get

27 1
Lix, 5,0, 4, ¢) = j fo t(x, y, 0, p, ¢, u', ¢')L(x, y, 0, -u', ') u'du'd¢’ (40)
0
If the bidirectional reflectance is independert of angles, then Eq (40) becomes
2rpl .
L(X, ¥, 0, u, ¢) = f(x, Yy, O)J‘ j L(x’ y, 0, -u', ¢") “'du' d¢' (41)
070
But, by definition the integral is just the irradiance E(x, y, 0) on the surface. Thus,
42)

L(X, Y, 0| Hy ¢) = f(xt Y, O)E(xv Y 0)
If we now integrate this result over the hemisphere, we get a quantity called radiant exitance,

caused by reflection from the surface:

2r p1
M(x, y, 0) = fo fo L(x, y, 0, u, ¢) udude

= p(x, y, 0)E(x, y, 0) (44)

‘ 27,1
where p(x, y, v) =L IO f(x, y, 0) udud¢

= nf(x, y, 0)

The albedo of the surface can be defined as the ratio of this exitance to the irradiance, i.e.,
plx, v, 0) = Ml(x, y, 0}/E(x, y, 0) (45)

Therefore, for a Lambertian surface, the reflected radiation is given by:
Lix, v, ¢) - &80 Ope g, ) (46)

The total radiance from the surface is the resultant of the reflected radiation as developed in

the preceding equation, and the emitted radiation.

!
i . R. V. Dunkle, Spectral Reflectance Measurements, Surince Effects on Spacecraf?
Mater!als. J. Clauss {(ed.), John Wiley & Sons, N. Y., 1960,

R. Slegel and J. R. Howell, Thermal Radlation Heat Transfer, New York, McGraw-Hill,
N. Y., 1972,

41.

48

ittt L NN

N b e

s R AR S e 115
AT R AT -




Ty et

Z

ERL:

T

) FORMERLY WILLOW RUN LABORATORIEY. THE UNIVERSITY OF MICHIGAN

Summarizing, we can now wrlie down the general boundary conditions for the transfer of
radiant energy through a plune-parallel, vertically inhomogeneous, isotropic, atmosphere

illuminated by a point source infinitely fa. awa,.

L0, -u, ¢) = 0 47

2n 1 '
L(ags 1, ¢) = Lp(ag, 1, ¢) + J.o Iof(m ¢, -u', ¢')Liqy, ~u', ¢") u'du'dg’ (48)
where LGE is the emitted radiation from the surface, f is explained above, and L(qo, -u', ¢')

is the total (solar plus diffuse) radiance at the surface. Using the relation (Eq. 38) for the

solar radiance we get

L(qo, B ¢ = LGE(qO’ B, ) + HoEo e-qo/uot(u, é, =g ¢0)

2n rl
+ '[o jo 1y, &, -u', ¢')LD(qo, -’y ¢") ' du' do’ (49)

Therefore, the radlances LD(qo, u, ¢) and L(qo, -it, ¢) are related by the boundary condition.
It should be noted that Eq. (49) represenis the surface radiance, which, in turn depends upon
the atmosphere. One can also define an intrinsic surface radiance which is independent ol the

atmosphere. If, In Eq. (49) we let the optical thickness 9 be zero, then we have no atmosphere

and the intrinsic radiance is

/

Denoting the quantity e Yo by 7., the atmospheric transmittance, we have for the surface

radiance L{qy, 1, ¢)

2n 1
+ Io IO 1y, é, -u', ¢')LD(Q01 -u', ¢ ' du' de’ (51)

2.5 RADIATION COMPONENTS

It is sometimes helpful to define the individual components of the radiation field. Con-
slder a plane-parallel inhomogeneous atmosphere bounded by a flat, uniform non-Lambertian
surface at temperature, T, a side view of which is shown In Figure 4. The (upwelling) radi-
arces for a downward looking observer are denoted by the numbers 1-8 and the (downwelling)
radiances for an upward looking observer are denoted by numbers 7-10. The first component
is the gurface radlance arlsing from the intrinsic emittance of the surfsce. It is given by

49
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 Lsglag 1 9) = eli, S)L*(T) (52)

where €(i, ¢) is the directional surface emissivity. The sccond component is that due to the

solar attenuated beam having been reflected at the surfoce. It is

/
LGH“‘O' 1, ¢) = HoEo e’qo uof(u, ¢, 1y 9p) (53)

The third component is the radlance at the surface due to diffusely scattered radiant energy

having been reflected. It is

2n¢el
Lcs(qo' 1, ¢) = jo jo f{u, ¢, =u', $)Lp(ay, ', ) ', du’ do’ (54)

The sum of these three components is called the surface or ground radiarce, i.e.,

A component not illustrated in the figure is the ground radiance after having been attenuated
over a path from the ground to the point at some optical depth q. It is the beam radiance and
is given by
-(qo"l\/u
LB(QO. Hy ¢) = LG(QO, K, 9) e (56)

where u is the cosine of the nadir angle. Note that this is the same as the first term on the
right hand side of Eq. (33). The fourth component is the singly scattered solar radiance and is

wo(q')

Lyss(@'s i #) = < ERlaip(a's uy ¢, =iy, ¢) (57)
whereas its integrated value over the path is called the singly-scattered path radiance and is
given by

E, VH q, ~(1/py+1/u)q’

Lpsg(as 1, ¢) = T‘I—L wola'ipla's 1, ¢, -1y, 8) € dq’ (58)

which, for a homogeneous atmosphere becomes
( ). WoloEoplin ¢, =ity 84) e-q./uo oy, ~(gy-a)/u (59) :
I"PSSq"“””- 4u(p+p0) ¢ e

The {ifth component is the radiance along a path for which radiant energv s being emitted by
the atmosph2re in local thermodynamic equilibrium, It is

51
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Lpp@ m ¢) = :—l.[:o[l -wola’] L*(q") e~a'-a)/u dq' (60)

which, for a homogeneous atmosvhere becomes

l-wo

Lpg(a w ¢) = jqo ela'-a/u L*(q') dq’ (61)

q
The sgixth component is the radiance along a path resulting from multiply scattered radiation.

It is given by

wqla)
me(q’ “" ¢) = 4”“'

2r (1 ,
Io f lj‘qop(q'; t &, u', 9" e (q 'Q)/# LD(q" ', ¢')dq’ du’ de'
* (62)

which becomes
W 2r rl '
0 ) - [ Y 14, [}
Lpns(@ 8 = “—“jo I.lp(u. ¢ u'y 0 )‘qoe (a'-a)/u Lp(a's u'y ¢)dq'du’de’  (83)

for « homogeneous atmosphere.

The sum of the last thre2 components is called path radiance, t.e.,

Lpa, i ¢) = Lpoola, wy ¢) + Lppla, 1, ¢) + Ly ,ola, 1, ¢) (64)
Therefore, we can write for the total upwelling radiance the general relation
Lypla: #s ¢) = Lilqy, 1 #)7la, gy, 6) + Lpla, 4, ¢) (65)
where
{9y-9)/ _
Ha, qp W) = € (66)

is the transmltfance.

We can now consider the same relations for the radiation observed by an upward looking
observer. The seventh component is the direct solar attenuated beam given by

Ly, =1, ) = Eg(@)0(u - ugdo(s - ¢5) - (67)
The eighth compor.ent ir the singly -scattered solar radiance, l.e.,

E, e VH a ~(1/1y=1/)q’ '
Lyss(@ = ¢) = --;;;—fowofq 0(a'; =i, ¢, =g, ¢g) € dq (68)

which for homogeneous atmocpheres becomes
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w E p(-u, ¢, -4, 8,) ’Q’/

The ninth component is the radiance along a path due to emission by the atmosphere. It is
114 y e~(a=a') 1y
Lpg(@ -m ¢) = ;Ijo[l - wy(@"]L*(g") e™ 9™ ¥ Maq (70)
which, for homogeneous atmospheres is

l1-wyrq _ ' '
Lpg(@, -t ¢)=-—5-9J'0e‘“ Vi Lq)eg )

Finally, the tenth con.ponent is the downward radiance due to multiply scattered radiation.
It is

w (q) r2rel rq '
0 [ [] [ - 1 ] ] ] ] []
me(q’ i, ) = rem 'fo J.]JOp(q Pl B, ', 9 e (a-q )/u LD(q y by ¢')dq’du'do
| . (12)
which becomes
. wy 271 q
0 + ' -(q-q' * [} U ] U
me(q. -, $) = ey A !_lp(-u. o U, )Io e~@-a’Vu Lp(a’, ', ¢')dq'du’de’  (73)

for a homogeneous atmosphere., The sum of the last three components giveg us the su-~called
sky, or downwelling, radiance.

Lon(@ b 9 = Lyccla, 1, 9) ¢ Lppta, = 9) + Loy o(a, =1, ¢) (74)
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3
METHODS OF CALCULATING RADIATIVE-TRANSFER FOR SCATTERING

3.1 INTRODUCTION

Scattering occurs from aerosols as well as from molecules in the atmosphere. Compared
to aerosol scattering, molecular scattering is negligible outside of the visible part of the spec-
trum. Significantly, the sun's emission spectrura peaks in the center of the visible region.
Thus, scattering by molecules can be considered confined mainly to the visible region, the
sun being the chief emitter of radiation scattered from molecules, since the peak of the atmo-
spheric radiation, emitted mainly by molecules, occurs beyond 10 um. On the other hand,
scattering by aerosols, depending on their sizes, is less strongly dependent on wavelength
and, in cases of heavy haze, can be effective in bath the visible and infrared regions. In this
report, we shall be concerned mostly with aerosols of the sizes consistent with so-called
clear-sky or near-clear-sky condition.., so that aerosol scattering in the long wavelength in-
frared region can usually be neglected. In the region of overlap between th- visible and infra-
red parts of the spectrum, or in the long wavelength reglons tcr cases when aerosol scattering
is not insignificant, we shall consider the mathematical representaiinns of scattering and
molecular absorption to be completely separable.

In this section, we shall consider only the effects of scattering by gaces, and scattering
and absorption Ly aerosols, in the spectral region 0.3 <A <2 um. All methods described are
not given equal space, especially if they have adequate exposure in the external literature.
The Turner method, for example, is given large coverage because its description is found
only in the reporting of contract work.

3.2 EXACT SOLUTIONS

The origins of modern radiative-transfer theory can be traced to the classic works of
Chandrasekhar [42] and Ambartsumian [43] in which they developed the fundamental mathe-
matics for the analysis of radiation in plane-paraliel atmospheres. Although the original
work related primarily to astrophysical problems, further advances in the theory during the
last thirty years have led to computational methods which are employed to solve many prob-
lems in atmospheric physics and neutron transport theory.

The mathematical complexities of radiative-transfer theory present major difficulties
to investigators who want to model the natural or artificial radiation field in a scattering
medium. The problem In the determination of the radiation field is basically due to: (1) the

42. 8. Chandragekhar, Radiative Transfer, Oxford University Press, 1950.

43. V. A, Ambartsumian, "Diffuse Reflection of Light by a Foggy Medium," Compt. rend.
(Doklady) Acad. Scl., USSR, Vol. 55, 1943, p. 229,
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uncertainty in the knowledge of the physical state of the medium as a result of one's inability
to measure enough state parametars, and (2) the complexity of the mathematical aualysis or
the length of computer time neeced to obtain significant results. It is the latter of the two
problems to which we will address ourselves in this section.

It is sbmewhat difficult to define an exact solution to radiative-transter problems. One e
can have an exact mathematical solution to an equation or system of equations which in turn
approximates the real physical medium. We shall mean by exact, those sol:tions for which
there are no approximations In the basic mathematical formulations of the radiative-transfer
equation for ideal atmospheres. Chandragekhar was able to derive a set of nonlinear equa-~ S
tions which could be solved to dete-mine the radiation field for a homogeneous plane -parallel
atmoephere which Is illuminated by solar radiation. He also considered polarization. Re-
sults based on his analysis for the case of a pure Rayleigh atmosphere are glven by Coulson,
et al. [44]. The computations are very laborious and are limited to small optica) thicknesses
and to the radiant energy emerging from the top and bottom of the atmosphere. Later, an ex-
tended mathematical study by Busbridge [45, 46], Mullikin [47, 48, 49, 50], and Sekera [51]
showed that one can also use the nonlinear equations to determine the radiation field within ,.,'_--
the atmosphere and for very large as well as small optical thicknesses. The solutions are
exact for any optical thickness. For the case of inhomogensous atmospheres as given: by e
Eq. (31) the analysis 18 less well developed. Only in recent years have investigators made ‘

44. K. L. Coulson, J. V. Dave and 2. Sekera, Tables Relate? to Radiation Emerging from a
Plaretary Atmosphere with Rayleigh Scattering, Uriversity of California Press,
Berkeley, 1960,

43. 1. W. Busbridge, Astrophys. J., Vol. 122, 1955, p. 327.

46. L W. Busbridge, The Mathemat!.s of Radlative Transfer, Cambridge University Press,
1960.

47. T.W. Mullikin, "Rac!ative Transfer in Flnite Homogeneous Atmospheres with Anlso-
tropic Bcattering, [I: The Unlqueness Problem for Chandrasekhar's v ¢ and ¢¢ Equa- .
tions,"” Astrophnya. J., Vol. 139, No. 4, 1964(a). ) et
48. T. W. Mullikin, "Radiative Transfer in Finlte Homogeneous Atmospl. r+s with Antso-
trop'.: Scattering, I: Linear Singular Equations,' Astrophys. J., Vol. 139, No. 1, )
1284(v). . -
49, T.W. Mullikin, "Chandrasekhar's X and Y Equations," Trany. of the Amer. Math. Soc.,
Vol. 113, No. 2, 19684(c).

80. T.W. Mulltkin, "The Complete Rayleigh-Scattered Field Within & Homogeneous Plane
Parallel Atmosphere,’ Astrophys. J., Vol. 145, No. 3, 1066,

81. Z. 8eksra, Reduction cf Equations of Radiative Tranafer in a Planetary Plane-Parallel
Atmosphere, RM-4951-PR and RM-5056-PR, The RAND Corporation, Santa Monica,
Caltf., 19R6,
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progress on an exact solution for inhomogeneous atmospheres [52, 53, 54]. It should be
pointed out, he wever, that this is a special form of inhomogeneity for which exact analytic
solutions are [ ssible; it does not necessarily corresoond to realistic atmospheric inhomo-

geneities.

A powerful mathematical method which has been used in recent years tofind a rigorous
solution to the radiative-transfer equation is the Normal-Mode Expansion Technique devel-
oped by Case [55, 56]. It is basically an attempt to formulate a golution to the linear transport
equation by using singular eigenfunctions, the unknown expansion coefficients of which are
determined by constraining the solution to fit the boundary conditions. In this way, it is sim-
ilar to the classical methods of golving partial differeatial equations in mathematical physics.
Some of the advantages of this method are: (1) it allows one to understand the nature of the
solutions, and (2) the method can easily be adapted to approximation procedures. This method,
as well as others, allows one to consider the case when wo(-r) > 1, l.e., a2 multiplication of the
particles, It is beyond the scope of this report to go into the mathematical detalls of this
method but the essential ideas can be found in Refs. [57, 58, 59, 60, 61 and 62].

52.

53.
54.

$5.

§6.

57.

58.

59.

60,

81.

62.

Z. Sckera, RAND Publlcation R-413-PR, RAND Corporation, Santa Monica, Calif.,
1963.

J. W. Chamberlain and M. B. McElroy, Astrophys. J., Vol. 144, 1986, p. 1148.

A. L. Fymet and K. D. Abhyankar, "Theory of Radiative Transfer in Inhomogeneous
Atmospheres, 1. Perturbation Method," Astrophys. J., No. 158, 1v89,

K. M. Cage, "Elementary Solutions of the Transport Equation and Thelr Applications,”
Ann. Phys. (N.Y.), Vol. 9, 19560, pp. 1-23.
K. M. Case, Recent Developments in Neutron Transport Theory, Michigar Memorlal

Phoenix Project, Lectures Prescnted at the Neutron Physics Conference, University of
Michigan, Ann Arbor, 1861,

K. M. Caze and P, F. Zwelfel, Linear Traneport Theory, Addigon-Wesley Publishing
Company, Reading, Mass,, 1657,

E. Inonu and P. F. Zweifc] (eds.), Developments in Transport Theory, Academic Press,
N. Y., 1847,

N, J. McCormick and 1. Kuzcer, "Half -8pace Neutron Transport with Linearly Anigo-
trople Bcattering,” J. Math. Phya., Vol. 6, 1963, pp. 1039-1845,

K. M. Case, On the Boundary Value Problems of Linesr Tranaport Theory, Tranaport
Theory, Vol. I, R. Bellman, G. Birkhoft and 1, Abu-Shumays (eds.), Proceedinga of a
8ympacium in Applied Matheinatica of the American Mathematical Soclety and the
Soctety for Industrial and Applicd Mathematics, Providence, R.1., 1969, )

M. N. O=isilk, Radlative Transfer and Interactions with Conduction and Convection, John
Wiley & Sons, N, Y., 1873,

B. W. Ro | Anmalytic Functions and Distributions in Physics and Engineering, John
Wiley & Sona, N. Y., 1639,
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Although the number of physical problems which can be soived by exact methods is quite

limited, these techniques allow one to understand tie physical principles and also serve as
standards against which the approximate methods can be compared. We shall now consider
the more practical computation models which are used to calculate the radiation field in

Earth's atmosphere.

3.3 ADAPTATIONS TO EXACT SOLUTIONS

3.3.1 ITERATIVE METHOD

Let us write the equation for total radiance in a homogeneous atmosphere in short wave-
length spectral regions for which thermal emission is considered negligible (or separable)
Inasmuch as in this section we shall be interested only in diffuse radiation, we ghall, for the
sake of simplicity, ignore the subscript, D, and assert in what follows that L = LD

-(qy-q)/u  wy 2rc1 (g’
L(g, #, 8) = Llag, 1, 9) € 0 + 4—,-,%'[0 j lJ'qop(q'. b 9, 'y o) e~fa-aVu
-1’q

x L{q', u', ¢')dq'du'de’ (15)

or, in a more general form as

L(q) = L{qy) 7 + wyHL(q) (18)
-(qg-9)/n
where 7 =e and the operator H is defined by
2r rl PRy,
HL() = ooz 0 j J pta’s 8.ty 89 €4V, 1, ) g ane (77)
-1"q

Equation (76) can formally be written as

(I - wyH)L(q) = Ligy)7 (78)
and the solution is
-1
L{q) = (1 - wOH) L(qo)'r (79)
where (I - wOH)"l derotes the inverse operator and I is a unit operator. Thus,

L(g) = (1 cwg +wln e e w{,&:“)uqo)r (80)

z L(qo)-r + wOHL(qo)T - wgﬂzL(qo)-r toeaat wgﬂnL(qo)r (81)

which will converge to the exact solution as n = = providing certain conditions hold true for

wo and the operator H. For this Neumann series to converge
57
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lwgl < 1/M(qy - @) (82)
where M is the maximum value of the kernel in intezral equation (75). Physically the first
term in Eq. (81) is the directly attenuated radiance, the second term is the singly scattered
radiance, and so on up to the n-th term which represents the scattering of a photon n times
in the atmosphere. It can be seen from Eq. (81) that if the single-scattering albedo Wy is
small, i.e., if there ig little scattering or much absorption, the series can converge rapidly
and only a few terms will provide a reasonable solution. Irvine [83, 64, 65] has applied the
Neumann series method [66] to the solution of radiative transfer problems, and Herman and -
Browning [67] have used the Gauss-Seidel method of iteration [68]. Some results of Herman
and Browning's method are illustrated in Figure 5, with polarization included. Heré they cal-
culated the radiance emerging from the top and bottom of a homogeneous, plane-parailel at-

mosphere with Rayleigh scattering and compared the results with those of Coulson, et al.
[1960]. Herman et al. [69] extended this analysis to include aerosol scattering in more
realistic atmospheres. Figure 6 illustrates typical results of their calculations for a fit to
experimental data on optical thickness of the atmosphere in the Tucson, Arizona area. The
normalized radiance is shown in the solar plane for a solar zenith angle of ~22.5%. The quan-
tity q_, is the acrosol optical thickness and qp s the total (aerosol plus Rayleigh).

It should be understood that the iteration technique can be quite time -consuming on a ;
computer, egpeclally if large optical thicknesses and vertical inhomogeneity is considered, '
although the computer time can be drastically cut if polarization i{s neglected. i

3.3.2 SPHERICAL HARMONICS METHOD
The spherical harmonics method has heen used for quite some time by investigators in

neutron transport studies. Here we cousider its use for the one-dimensional radiative-
transfer problem. The basic equation for homogeneous atmosphere is: :

683. W, M. Irvine, Astrophys. J., Vol. 152, 1068, p. 828.
4. W. M. Irvine, "Multiple Scattering by Large Particles, Ii: Opticxily Thick Layers,"”
Astrophys. J., Vol. 152, June 1888. ;
1
65. W. M. Irvine, An Evaluation of Romanova's Method in the Theory of Radiative Transfer, {
in The Atmospheres of Venus and Mars, J. C. Brandt and M. B, McElroy (eds.), Gordon '

and Breach, N. Y., 1868,
66. F. B. Hildebrand, Methods of Applied Mathematics, Prentice-Hall, N. Y., 1952,

87. B, M, Herman and 8. R, Browning, "A Numerical Solution to the Equation of Radiative
Transler," J. Atmos. Sci., Vol. 22, No. 5, 1865, pp. 559-568.

68. F. B. Hildebrand, Intrcduction to Numerical Analysis, McGraw-Hill, N. Y., 1858,

69, B. M. Herman, 8. R, Browning and R. J. Curran, “The Effvct of Atmospheric Aeroaols
on Scattered Sunlight,” J. Atmos. Scl., Vol. 28, No. 3, 1971, pp. 412428,
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FIGURE 5. TRANSMITTED AND REFLECTED TOTAL INTENSITY, PERCENT POLARIZATION.
The solid curves are from Coulson, et al. {1960) while the encircled points are from the

calculations of Herman and Browning (1971). (q = 1.0: u = 0.4; ¢ =0).
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:A ~..= Pure Rayleigh (q, = 0.27)
Ao R
o’ L‘-“

o 6/15/617 Qo = 0.35
Tucson 0= 0.9397

w 1 » 6/8/67 9p = 0.31

Tucson Ho = 0.9272

woH . N " " N N N N
0 02 04 o086 08 0 O8 06 O4 o0z O

P g

FIGURE 6. MEASURED AND THEQRETICAL
TRANSMITTED INTENSITIES. (Reproduced
from Herman, Browning and Curran, 1965 [69].)
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w -q/
- {,?p(“’ ¢’ "uo’ ¢0)Eo e uo (83)

The basic idea is quite simple; we merely represent the scattering phase function by an ex-
pansion in Legendre polynomials, P(, l.e,,

N
p(§) = ZAKPE(E) (84)
=0

where one uses the orthogonality propert& of the polynomials to obtain the expansion coeffi-
clents A!’ i.e., ‘

1
20 + 1
Al= 3 LIP(E)Pf(E)dﬁ (85)

In actual practice, the representation of i typical atmospheric haze type polydisperse phase
function will require up to 200 terms. Using the additive properties of the spherical harmonics
we. get

P(u-’ ¢1 ll»', ¢') = iA‘ Pl(u)l’t(#')
£=0

+2 . ::x ::PT(u)PT(u') cos m{¢’ - ¢) (86)
n=1

If we now expand the radiance in a set of spherical harmonics as

& N
1{q, 1, ¢) = Z Z Alm(q)P?(u) ccs mig, - ¢) 87

m=0 ¢=m
and insert this expression into Eq. {83) we get a system of differential equations

(l-m)dAl-lm l*—mi»l)dA

£+1,m
BT-1) “dq ' Qi+3) dg

[y Core), @oFpl@ - Som® gnt-D™ PR
T2 ) fm T 4 8)

where
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(£ - m)!
By = ATy (89)

with the conditions
(t=m,...,N; 0=<m=N) (90)
Assuming a solution of the form
. €q
Apal@) =g (8 e (91)

we get an eigenvalue problem. Substituting Eq. (91) into Eq. (88) leads to the matrix equation

x . ~ .
AVm = AVm (92)

where A is a square matrix of order 2r, where r is the number of terms chosen, and x = 1/£.

ﬁm 0 0 ... 0
0 ﬁm+l 0o °°° 0
-4
A= . . . e . (93)
.. . e 82r-2+m
0 * * %rim 0

and the matrix elements are given by

- (2 + m)(2€ « 1)
Tmel T2+ 1 -wyA ) (94)

o {(fem+ )22 +1)
B+t © (20 +3)(20+ 1 -wOA? (95)

The eigenvalues are found by taking the determinant of the matrix equation:

det (A -AT) = 0 (96)

Knowing the eigenvalues M=1/£)allows one to use Eqs. (91) and (87) along with the appropriate
boundary conditions to determine the coefficients A im( 7).

This method has beea used by nevtron transport theorists [70, 71, 72, 13, 74] and by in-
vestigators of radliative-transfer problems (Chandrasekhar, 1950, and Refs. [75, 76, 77, 78]).

70. B. Davison, Neutron Transport Theorvy, Oxford University Press, 1957.

71. J. Yvon, 'La Diffusion Macroscopique des Neutrons: Une Methode d' Approximation,”
J. Nucl. Energy 1, Vol. 4, 1957, pp. 305-318, '

{References Continued)
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One of the problems encountered in using this method is the propagation of roundoff evrors.
The matrices are {ll-conditioned in some instances and the system i8 numerically unstable.
Canosa and Penefiel, however, were able to produce well conditioned matrices and eliminate
most of numerical ingtabllity by using various transformations on matrices. Under certain
conditions as for example, a Rayleigh-type atmcsghere, the spherical harmomcs method is
much faster and more accurate than the iterative technique, but for realistic atmospheres with
strongly anisotropic aerosol scattering the advantage over the iterative technique is not that
great. This is because many coefficients (A 2) are »required in Eq. (84) to repregent the scat-
tering phase function, which increases the size of the matrix (Eq. 93), whereas the iterative
method is independent of the degree of anisotropy. Because of recent advancements in ma-
trix computer analysis [78], the spherical harmonics (P 1) method can be made more efficient
than the iterative technique for thick atmospheres. Typical computer times are given in
Table 3 by Canosa and Penefiel for the calculation of fluxes in homogeneous atmospheres,
i.e., integrals over the angles 8 and ¢. The work was done using FORTRAN IV with an H
compiler on an IBM 360/195. Table 4 gives the storage requirements using double precision

arithmetic.

There are other methods which have been used which are quite similar to the spherical
harmonics or P ¢ method. One is the Gauss quadrature method which approximates the scat-
tering integral by polynomials {Kofink, 1967). Another variation, used especially in neutron
transport studies is the double P ‘ method in which the radiance is expanded into separate
Legendre series, one for u > 0 and one for u < 0. This gives a better representation of the

72. E. M. Gelbard, Spherical Harmonica Methods: P¢ and Double-Pp Appmlmaﬂons, in
Computing Methods in Reactor Physics, H. Greenspan, C. N, Kelber and D, Okrent
{eds.), Gordon and Breach, N, Y., 1968.

73. W. Koflik, Recent Developments in the Spherical Harmonica Method and New Integral

Solutions of the Boltzmann Equation in Spherical Geometry, in Developments in Trans-
port Theory, E. Inonu and P. F. Zwsclfel (eds.), Academic Press, N. Y., 1867,

74. M. M. R. Williams, Mathematical Methods in Particie Transport Theory, Wiley-
Interscience, N. Y., 19871,

78. E. M, Feigelson, M. §. Malkevich, 8. Ya. Kogan, T. D. Koronatova, K. 8. Glazova and
M. A. Kuznetsova, Calculation »of the Brighawss of Light in the Case of Anisotropic
Scattering, Consultants Bureau Inc., N, Y., 1960,

76. J. Marengo, "Application Numerique de 2. Methode des Harmoniques Spheriques," Nouv.
Rev. d'Optique Appliquie, Vol. 1, No. 8, 1870, pp. 181-190.

77. J. C. Gulllemct, "Contribution a L' Etude du Transfert de Rayonnement dans les Nuagea
par la Methods des Harmoniques Spheriques,” Revue d'Optique, Vol. 46, No. 6, 1967,
pp. 281-308,

78. J. Canosa and H. R. Penafiel, "A Direct Solution of the Radiation Transfer Equation:
Application to Rayleigh and Mie Atmospheres,” J. Quant. Spect. Rad. Trans., Vol, 12,
1978, pp. 21-39.
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TABLE 3. NET FLUXES FOR A MIE ATMOSPHERE OF ONE OPTICAL THICKNESS.

All cases solved using 64 layers.(From Canosa and Fenafiel, 1973 [ 8] .)

Cosine of
the sun's
zenith angle Wavelength

() Haze® (w)
1.0 L 2.45
0.5 L 2.45
1.0 L 0.595
0.5 L 0.595
1.0 L 0.3025
0.5 L 0.3025
0.5 M 0.3025
1.0 M 0.3025
0.8 M €.3025
0.6 M 0.3025
0.4 M 0.3025
0.2 M 0.3025

Net Flux

Integral equation Spherical harmonics

iteration method (Pr,) methnd **
No. of

Condition-

Top Bottom Top Bottom L ing Points
2.7193 2.7193 2.719S5 2.7193 9 0
1.0612 1.0605 1.0599 1.0600 9 0
2.8130 2.81786 2.8130 2.8130 21 2
1.1402 1.1387 1.1394 1.1395 21 2
2.8074 2.8078 41 4
1.1511 1.,1501 1.1506 1.1507 41 4
1.1825 1.1818 1.1821 1.1822 7 &
2.8466 2.8466 67 8
2.1747 2.17148 67 8
1.5076 1.5077 67 8
0.8693 0.8694 67 8
0.3275 0.3278 67 8

Computation

time (sec)

Y

18.41
20.84
21.17
2117

24.15
24.717

T This timing is for the two values of Hy shown for the given wavelength, which are

solved .n one pass.

fThis timing is only for the value B, = 0.5.
#This time is for the five values of My shown for Haze M, = 0.3025 pu, which are

solved in one pass.

*], = terrestrial haze; M = marine haze
**1, + 1 = No.of terms in expansion

IBM 360/195

tsh
o.17f

0.86"

4.19
16.78¢

19.283%

TABLE 4. STORAGE REQUIREMENTS FOR DOUBLE PRECISION (From Canosa and
Penafiel, 1973 [78].)

JENSE

Approximation L. No. of layers No. of cond. points Storage

7
7
15
21
41
67
1

64
128
128

64

64

64
512

3
3
17

33

83

Ny e M S g W St s e e ki

115K
120K
130K
250K
306.8K
585K
156K
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radiance than twice as many terms in the single Legendre seriea. An outline of this is given
by Case and Zweifel (1967) and Gelbard (1968). So far this method has not been tried for ra-

diative transfer problems.

3.3.3 DI3CRETE ORDINATES METHOLS

There are many problems, especially in nuclear reactor aralysis, which are extremely
dl(ficult to solve analytically by the usual methods. An approximate technique which has been
used for some time is that of discrete ordinates. One can discretize the angular variables,
the space variables, or both in order to arrive at a set of difference equations. This method
is therefore more easily adapted to computer methods.

The first method using discrete ordinates wax that of Wick {79] In which the angular in-
tegration is replaced by a weighted sum. For simpllcity let us consider the radiative-transfer

equation with azimuthal symmetry:

wqrl
W) - 1iq, 10 - 2 ol WLt W) 1)

The angular integral is replaced by a summation

1
N
I plp, u")L(g, n')dy' =Z{‘p(u, uLia, k)W, : ' (98)

-1 =

where the p1, are zeros of the Legendre polynomlals PN(;'.) and the w, are Christoffel nambers
or relative weights. Recently, an efficient variation of this method has been developed by
Whitney [80] based upon a special cholce of discrete angles. According to Whitney, the com -
puter program is much faster than previous programs and certainly faster than Monte Carlo
programs. At the present time, some of the disadvantages are that it is 'difficult to use un-
less curvature is significant, and that fluxes are difficult to determine. Also, it is desirable

\

that estimates be made of computer time and accuracy.
Another variation of the discrete ordinates method ig the s method in which the angular
interval -1 <y < 1 ig divided into N gubintervals [ui -1 ;L] i= l 2, ..., Nand the radiance

is assumed to vary linearly with u: ‘1

|
L(qi ul_l) (99)

B
1

Lig, p) = ——L,

(9, w) “1 oy (@, 1) + e

79. G. C. Wick, Z. Phys., Vol. 121, 1943, p. 702,

80. C. Whitney, “Imglications of a Quadratic Stream Definition In Radlative Transfer
Theor:," J. Atmos. Sci., Vol. 29, No. 8, November 1972, pp. 1520-1530.

64




. . 1
2 FORMERLY WILLOW RUN LABORATORILS. THE UNIVERSITY OF MICHIGAN

When Eq. (99) is substituted into the radiative-transfer equation, a set of N equations results,
known as the SN set. This procedure has the advantage that it can be applied to alarge number
of geometric configurations bcth of boundaries and ccurces. Some of the disadvantages are

that negative fluxes may result and a very fine mesh is needed for high accuracy. Because of

its utility in nuclear reactor problems, many programs and options have been developed over
the years. A summary of some of these programs is given by Lathrop [81] and Carlson ard
Lathrop [82], and the basic ideas of the SN method are described by Lee {83]. For investiga-
tions in radiative-transfer, these programs are somewhat cumbersome to use. Nevertheless,
an almost complete compilation is provided by the Radiation Shielding Information Center at
the Oak Ridge National Laboratory.

The discrete ordinates approach to solving the radiative-transfer equatica is regarded by
some as a more fundamental methou of solving the equation rather than being 4n approxima- \
tion to an exact formviation. Thus, there has emerged a rigorous basis for the so-called dis~
crete space theory ty Preisendorfer [84). These ideas have culminated in the practical appli-
cation of discrete space theory to the solution of the radiative-transfer equation by Grant and
Hunt [85, 86 ], and Hunt and Grant [87]. This method has been applied to a number of practical
problems but limitations do exist. So far only a Lambertian surface has been considered and
multidimensional problems have not been investigated in detail. Also the computer time can
be significant espectally for a large number of parameter values.

3.3.4 INVARIANT IMBEDDING
Another method which has been successfully used in the analysis of transport problems
is that of invariant imbedding. Manjy of the ideas of the invariant imbedding approach were

81. X. D. Lathrep, "Discrete Ordinates Methods for the Numerical Solution of the Transport
Equation,” Reactor Technology, Vol. 15, No. 2, 1972, pp. 107-135,

82. B. G. Carlson and K. D, Lathrop, "Transport Theory, The Method of Discrete Ordina‘es,”
Computing Methods in Reactor Fhysics, H. Greenspan, C. N. Kelber and D. Okrent, :
(eds.), Gordon and Breach, New York, 1968, \

83. C. E, Lee, The Discrete Sy Avproximation for Transport Theory, Repart No. LA -259%,
Los Alamos Scientific Laboratory of the University of Calif, Los Alamos, N. M.,
1962,

84. R. Preisendorfer, Radiative Transfer on Discrete Spaces, Pergamon Press, Oxford,
1965, .

85. I. P. Grant and G. E. Hunt, "Diacrete S8pace Theory of Radiative Transfer, I: Funda-
mentals,” Proc. Roy. Soc. Lond. A., Vol. 313, 1969(a), pp. 183-197.

26. I. P. Crant and G. E. Hunt, "Discrete Space Theory of Radiative Tranafer, II: Stability
and Non~Negativity,” Proc. Roy. Soc. Lond. A., Vol. 3183, 18¢5(b), pp. 199-2186.

87. C. E. Hunt and 1. P. Grant, "Discrete Space Theory of Radlative Tranafer and Its Appli-
cation to Problems in Planctary Atmospheres,” J. the Atmos. Sct., Vol. 26, September
1969, pp. 963-972.
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formulated bty Ambarzumian (1948) and Chandrasekhar (1950) based upon fundamental princi-
ples of invariance. However, the first application of invariant iratedding to the practical solu-
tion of radiative-transfer problems was by Bellman and Kalaba [88] witn numerical results

by Bellman, Kalaba, and Prestrud [89] and Bellman, Kaginunda, Kalaba, and Prestrud [90].

For the purposes of {llustrating the invariant imbedding approaéh to the solution of
radiative-transfer problems, let us consider radiation incident on a thin slab and at an argle
80 with respect to the outward normal to the surface. The reflected radiation will be at 'some
angle 8 as illustrated in Figure 7. The beam intensity will be reduced by an amount e'k x
through the infinitesimal slab of thickness x, or ~1-k'x. A fraction of the enorgy is reradiated.
This fraction is the single-scattering albedo woe For simplicity, we shall have azimuthal
symmetry and agssume that each scattering is lsotropic. If we denote I(Go, 8, x) as the gpecific
intensity of rellected radiation (in using I, we retain the nomenclature of the original work), then

for the specific intensity at x + A as illustrated in Figure 8 we get
k'(xwy(x)a
41rp.0

| K'tx) MSER
1(90, 6,x+4)= (1 - TD~A>I(00, 8, x)Kl am A/ +
Zﬂk'(x)wo(x)b n/2

4rru°

/2 k'(x)wo(x)A
.2 j idnbiidnd M
0 4np

of (/2 k'(x)wg(x)a Men/2
+4n j K6,, 8'y, x) ——————sin a’de’JU 1(6('), 6, x) sin 96 dob
0

I( 96, 8, x) sin 90“(3

1(90, 9', x) sin 6'dg"

0 4mp
(100)

where u = cus 6 and u, = cos O The first term in Eq. (100) is due to losses (absosption) in
passing through the layer of thickness A on the way in and on ihe way out. The second term

is the contribution due to direct scattering from the layer of thickness A while the third term

is due to radiation which is scattered in the layer of thickness A and then reflected from the
slab of thickenss x. The fourth term represents radiation reflected from the slab of thickness x

88. R. Bellman and R. Kalaba, ""On the Principle of Invariant Imbedding and Propagation
Through Inhomogeneous Media," Proc. Nat. Acad. Sci., USA, Vol. 42, 1956,
pp. 629-632.

89. R. Bollman, R. Kalaba and M. Prestrud, Invariant Imbedding and Radiative Transfer in
Slabs of Finite Thicknesa, American Elsevier Publishing Company, New Yort, 1862,

90. R. Bellman, H. Kagilwada, R. Fol:ba aid M. Prestrud, Invariant Imbedding and Time
DLependent Processes, Am~cican Elsevior Publishing Company, New York, 1864.
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FIGURE 7. INVARIANT IMBEDDING

CONFIGURATION
{
A ~ J
A x

FIGURE 8. ADDITIVE SLAB CONFIGURATION

FOR 'NVARIANT IMDLDDING
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and then scattered in the layer of thickness A. The last term, which is nonlinear represents the
contribution of radiation that is reflected from the siab of thickness x, ecattered in the layer of
thickness A, and then rereflected from the slab of thickuess x. Additional terms of order A2

are small and are ignored. Passing to the limit as A -0 and defining
Ry, uy, x) = 18y, 6, x)uo/4 (101)

we get the following nonlinear integrodifferential equation:

1 1
L SRV O A S M ¢ ‘}E_LJ' dy”
kr(x'j‘w‘o'(x)’[ax +k(X)(“‘0 + “)R] = [1 + ZJ'O Rlu, u', x) ur][l *t3 OR(# » Mgy x)“f:.?' (102)
with the initial condition

Riu, “0» 0)=0 (103)

Thus, we see that we have a non-linear integrodifferential equation subject to an initial value
condition instead of the usual linear transport equation with a two-~point boundary condition.
The advantage of using this method is that an initial value problem can be solved easily by
means of a simple iteration procedure on a computer whereas the classical approach using
the two-point boundary condition usually Involves the solving of a large system of linear equa-
tions. Also, there is the additional advantage that the radiation field is calculated as a func-
tion of the distance x into the slab and thus we are able to determine the internal radiation
Ileld. For computations, Eq. (102) can be converted into a system of ordinary differential
equations using a quadrature integration method for the integrals.

In recent years, the invariant imbedding approach has been applied to a great number of
problems, including anisotropic scattering [91], spherical shell atmospheres [82] and time
dependence [93]. Comparisons have been made between Chandrasekhar's results and those
baged on invariant imbedding, and the agreement i{s good. Some of the disadvantages of this
technique are the long computer time especially for optically thick media and the fact that
each problem requires a whole new formulation of equations.

91. H. H. Kagiwada .d R. E, Kalaba, "Estimation of Local Anisotropic Scattering Proper~
ties Uslng Measurements of Muliply Scattered Radiation,” J. Quant, Spect. Rad, Trans.,
Vol. 7, 1967, pp. 295-303.

22. 8. Ueno, H. Kagiwada and R. Kalaba, "Radlative Transfer in Spherical Shell Atmo-
spheres with Radial Symmetry,” J. of Math. Physics, Vol. 12, No. 6, 1971, pp. 1279~
1285.

93. P. E. Bellman, H. H. Kagiwada and R. E. Kalaba, Time-Dependent Diffuse Reflesction
From Slabs with Multiple Scatiering, Memo RM-5070-PR, The RAND Corporation,
July 1966.
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3.3.5 DOUBLING TECHNIQUE

In the case of the iterative solution we found that convergence of the Neumann series was
very slow,especially for thick atmospheres. Also, in the invariant imbedding method the addi-
tion of many thin layers to obtain a thick atmosphere is time consuming. It was van de Hulst
[94] who first considered the simplification of adding layers of which eack successive one
was twice the optical thickness of the preceding layer. Thus, even though one gtarts the com-
putational process with a very thin layer 7o’ after say 10 cycles, a thickness of 21010 is
reached. Hence, we have a very rapid computational procedure. Some of the disadvantages
are that only homogeneous atmospheres can be d2alt with efficlently and the overall accuracy
is difficult to estimate. Nevertheless, some interesting results have been found using this
method in the analysis of clouds by Hansen [95, 96].

3.3.6 MOMENT METBODS
Another mathematical method which has been devised to solve radiative-transfer prob-

lems is the moments method originally devised by Krook [97] and later developed by Sherman
{98] and Liner [99]. Baslically, the method is quite simple. One defines the quantities

1
M_- %I W"L(q, 1) dp (104)
-1
with the corresponding positive and negative half moments,

1 .
M, - %L W'Llg, 1) dy (105)

0 .
M, = %I n "L(g, p)du (1086)
-1

#4. H. C. Van de Hulst and K. Grossman, "Multiple Light Scattering in Planetary Atmo-
sphercs,” The Atmospheres of Venus and Mars, J. C. Brandt and M. B. McElroy (eds.),
Gorden and Breach, N. Y., 1968,

95. J. E. Hansen, "Exact and Approximaie Solutions for Multiple Scattering by Cloudy and
Hazy Planetary Atmosphe~es,” J. Atmos. 8ci., Vol. 29, No. 3, May 1969(a), pp. 478~
487,

96. J. E. Hansen, "Radiative Tranafer by Doubling Very Thin Layers," Astrophys. J., Vol.
155, February 1969(b).

97. M. Krook, Astrophys. J., Vol. 122, 1053, p. 488,

98. M. P. Sherman, "Moment Methods in Radliative Transfer Problems," J. Quant, Spect.
Rad, Trans., Vol. 7, 1967, pp. 20-109.

99. R.'r. Liner, Jr., Moment and Diacrete Ordinate Methods in Radiativa Transler Prob-
lems, Vol. 8, 1869, pp. 7T21-7%2.
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It should be noted that the zenith moment is the average radiance and the first moment is the
irradiance or flux. Hence, one can use these expressions in the radiative-transfer equation

to get a solution to any order n, l.e,,

: n-1 n
L, 4 = Zd‘Anmu
n=

where the An are expangion coefficients, It tirns out that this procedure is equivalent to the

discrete ordinates method using a half range with similar degrees of accuracy.

(107)

3.3.7 MONTE CARLO
A statistical procedure called Monte Carlo has been used in particle transport analysis

for the past thirty years. It consists basically uf a particle counting method with probabilities
associated with the physical processes involved. Much ¢’ the early work dealt with neutron
transport in complicated geometrical systems whereas ir recer* years the method has been
applied to a variety of problems including photon transport in the atmosphere.

The basic description of a Monte Carlo process is as follows: One devises a computer
program in which the physics of the problem Is described in a probabilistic manner. Along
with a well-defined coordinate system and boundary conditions the particles are released
from a source and then they are followed as they undergo scattering and absorption. The
processing continues until reasonable statistical estimates have been obtained. In this general
way, Collins and Wells [100], Collins [101], and Wells and Marshall [102] have calculated the
visible radiation field within the atmosphere and Plass and Kattawar [103], and Kattawar and

Plass [104] have done similar calculations for clouds.

The main advantage of the Monte Carlo procedure is that very complicated geometrics
can be considered. The main disadvantage is the excessive amount of computer time which is

100. D. G. Collins and M. B, Wells, Monte Carlo Codes for Study of Light Transport in the
Atmosphere, Vol. I. Description of Codes, Vol. 11, Utllization, ECOM-~00240-F I,
ECOM-00240-F 1, 1965.

101. D. G. Collins, Atmospheric Path Radiance Calculations for a Model Atmosphere, Report
No. AFCRL-§8-0124, Air Force Cambridge Regcarch Laboratories, Bedford, Mass.,
1968,

102. M. B. Wells ana J. D. Marshall, Monochromatic Light Intensities Above the Atmosphere
Resulting from Atmospheric Scattering and Terregtrial Reflection, Radiative Research

Assoc., Inc., F!. Worth, Tex., 1968.
G. N. Plass and G. W, Kattawar, "Influence of Single Scattering Albedo on Reflected and

103.

Transmitted Light from Clouds," Appl. Optics, Yol. 7, No. 3, February 1988, pp. 361-367
104. G. W. Kattawar and G. N. Plass, "Infrared Cloud Radiance," Appl. Optics, Vol. 8, No. 6,

June 1969, pp. 1169-1178,
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expended to obtain reasonably accurate values. The accuracy is proportional to the square
root of the number of particles counted. Except for unusually complicated geometries it is

probably best that the user apply less computer-time conguming techniques.

3.4 APPROXIMATE METHODS

The methods discussed in the preceding sections all have one thing in common: they pro-
vide mathematically exact solutions to certain classes of radiative-transfer problems if one
continues to increase the number of terms in a series ar if the computer time is increased.
High accuracy, however, is not always necessary, especially in many engineering applications,
because usually one does not know the pertinent input paramete: values well enough. Speed
and overall efficiency of operations are often more important and for these reasons it is de-
sirable to have mathematically approximate models which use very little computer time and

which give reasonably accurate results.

3.4.1 SCHUSTER-SCHWARZSCHILD METHOD
Early in the twentieth century, Schuster (1905) and Schwarzschild [105] introduced a sim-
ple method of directional averaging. The radiation field is assunied to be nearly isotropic and

averages are taken over the upward and downward hemispheres:

2n 1 '
L’(q) = J;) JO L(q, u, ¢)dud¢ (108)

2n 00 ’
L_(q) = f j L(q, p, ¢)dude (109)
07-1
and also a weighted average,

2n p1
E*(Q) EJ’ f nl(q, u, ¢)dude (110)
00 \

2r »0
E_(9) Ef J ul(q, p, ¢)dude (111)
0 /-1
Then, with the assumption of a nearly isotropic field we have

1
E (9 = 5L (q) ‘

E_(@)= 1L o |

!
105. K. 8chwarzechild, "Uber das Gleichgewicht der Sonnenatmosphere,” Gottinger
Nachrichten, ¢ol. 41, 1806.
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Using these formulas in the radiative-transfer equation with an isotropic scattering law,

aL _ g ¢)-°—,9f2"r L(q, i, ¢')du’ d¢' (113)
udq“ q, K, 47 0 1 qy u:‘

provides us with two differential equatiors instead of the integro-differential equation.

dE_(q)
(114)

—a = (2 -k (@) - wgE (@

dE_(q)

—dg = ¥oE. @ - 2 -w))E (q)
When these coupled equations are golved using the appropriate boundary conditions one ob-
tains the irradiance (upward and downward) at any point in the medium. Because of the as-
sumptions on the directionality of the field (Eq. 112) we expect a model based upon thege ag~

sumptions to be especially valid deep within an atmosphere rather than near the boundaries.

(115)

3.4.2 EDDINGTON METHOD
In 1926, Eddington [106] introduced another averaging methed. Thig time we average

over all space rather than over hemispheres, i.e.,

~ 1%

L= EIO I_IL(Q, H, ¢)dude (116)
Integrating Eq. (113) gives

dé _— . =

dq = T@ - wgL) (117)

which shows that the flux &(q) 1s a constant if there is no absorption. Multiplying Eq. (113) by

u and integrating nver all space gives

dK (118)

aq - &(q)

where

1 2n rl
@(q) = o o J 1uLL(q. u, ¢)dudd (119)

and

106. A. 8. Eddington, The Interval Constitution of the Stars, Cambridge University Prese,
1926.
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1211

1
K(q) = yr o I luzL(q, u, #)duds (120)

The Eddington assumption is that the field is almost isotropic, L.e.,

K(q) = 1/3L (121)
or

"2——; = 3(1 - wy)Liq) (122)

dq

We expect this approximation to hold when we have very thick atmospheres.

Comparisons have been made tetween the Schuster-Schwarzschild (two-stream) model
and the Eddington model (Irvine, 1968). The conclusion is that the two-stream model is bet-
ter when low crder scattering dominates. The Eddington method fails for conditions near the
boundary (i.e., for lurge solar angles).

3.4.3 ROMANOVA'S METHOD

One of the major difficulties involved in the solution of the radiative-transfer equation is
how to deal with the high degree 2)( anisotrophy of the scaitering phase function. Romanova
(107, 108, 109] bhas developed a method based upon a small angle approximation similar to
that used by Wang und Guth [110] in nuclear physics. If one were to expand the phase functlon
in a series of Legendre polynomials many terms would be required and this leads to the
rather difficult eigervalue problem in the spherical harmonics method. Romanova's method
consists of expressing the radiance as the sum of two terms, one for gmall angles, i.e., the
highly anisotropic part of the phase function, and another for the remaining part of the phase

function.

Lg, i ¢ = L (a, 1, ) + Llq, 1, 9) (123)

The L Ba(q, i, ¢) solution is found by replacing u by Ky in the radiative-transfer equation and
new boundary conditions, l.e.,

107. L. M. Romanova, "The Solution of the Radiative-Transfer Equation for the Case When
the Indicatrix of Scatlering Greatly Differs from the Spherical One, 1," Opt. 8pek.,
Vol. 13, 1862(a), p. 429.

108. L. M. Romsnova, "Solution of the Radiative -Transfer Equation for the Case of a Highly
Nonspherical Scattering Index, I1,” Opt. Spek., Vol. 13, 1852(b), p. 818,

109, L. M. Romanova, "Radiation Field ir Plane Layers of & Turbid Medium with Highly
Anisotropic Scattering,” Opt. Spek., Vol. 14, 1063, p. 2632,

110. M. C. Wang and E. Guth, Phys. Rev., Vol. 84, 1951, p. 1092,
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ﬂ(%#’¢)=0) u>0

f‘(qo Ky ¢) = "Lsa(q, Ky ¢)’ u<o

(124)

The radiance f.(q, i, ¢) can then be expanded In a series of Legendre polynomials and pre-
sumabiy it will require fewer terms since most of the anisotropy is accounted for by the

L Ba(q, i, ¢) term. Irvine (1968) has made comparisons between Romanova's method and the
doubling method and found excellent agreement over a wide range of angles and optical thick-
nesses. No estimate is given for the amount of compﬁter time but it is considerably reduced

over the other more conventional techniques.

3.4.4 THE TURNER METHOD

The development of larze-scale computer processing of multispectral remote sensing
data has led to the requirement that atmospheric corrections be made on a point-by-point
basis. Thus, it is necessary to know radiances énd other radiometric quantities at many
points throughout a scene. What Is needed then; is an atmospheric radiative-transfer model
which is fast, accurate, and adaptable to a range of environmental conditions. Turner [111,
112, 113, 114] has developed a modified two-stream iterative model especially designed for
hazy atmospheres.

The one dimensional radiative-transfer cquation to be solved is

dL wa (271 ‘ Eylak,
Hag® L{q, i, ¢) - rey o j.lp(m é, 1, ¢')L(q, u', ¢')di'd¢’ - —TP(M. 9, '_"'0’ ¢o)

(125)

where the scattering phase function is approximated as
plu, ¢, 1, ¢') = 4und(n' - &' - ¢) + 4n(1 - )6’ + u)o(¢' -7 - ¢) (126)

where 7) represents the fraction of the radiation scattered into a forwzrd hemisphere, l.e.,

111. R. E. Turner, Remote Sepsing in Hazy Atmospheres, Procsedings of ACSM/ASP,
Meeting in Washington, D. C., March 1972,

112. R. E. Turner, "Aimospheric Eifects In Remote Sensing," Remote Sensing of Earth Re-
sources, Vol. il, F. Shahrokhi (ed.), University of Temessee, 1873,

113. R. E. Turner, "Contaminated Atmospherea and Remote Sensing,” Remote Sensing of
Earta Regources, Vol. I, F. Bhahrokhi (ed.), University of Tennesace, 1874,

114. R. E. Turner, Radiative Transfer on Real Atmospheres, Report No. 190100-24-T,
Environmental Research Institute of Michigan, Ann Arbor, July 1874.
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1 ‘211 1
n= ;;jo Iop(ﬁ)didx (127)

1
- %j'o p(£)dt (128)

For Rayleigh scattering 1 = 0.5 whereas for aerosol scattering in the visible region n ~ 0.95.
Using Eq. (126) in Eq. (125) and a similar assumption regavding the radiation field, lL.e.,

L(q, i, ¢) = ;%{E;(q)o(u = ug)o(¢ - 7 - ¢0) + E'(@)0( + 1g)o(e - ¢)] (129)

where E;(q) and E'(q) are irradiances in the upward and cowaward directions respectively, \,
we ge* two complex linear differential equations for E;(q) and E'(q): ‘

dEL(Q) l - wo" . wo(l - ") \
a0 = ™ E+(Q) - TE_(Q) - wo(l - U)ES(Q) (130)

dE’(qQ) 1-wgn , wol - n) , :
SR (q) - ——%-—E*(q) - wynE (q) (131) ]

The l/u.o dependence is included to normalize the diffuse irradiarce field. The primed quan-
tities indicate that we are calculating the {leld for a surface albedo of zero. 'The solution to
these equations and similar ones for an isotropic radiation reflected from a Lambertian sur-
face are too complicated to be presented here but their functional form is given by

E*(q) = “oEofJuv k, Waor Kgo P Qs qo) (132)
E_(Q) = uaEof (0, k, wy, 1y, £, 0, qp) (133)
~ -2y
E_(Q) = “OEO f_('l, k, wo) “oi P q, Qo) +e (134)
where E+(q), E _(g), and ﬁ_(q) are the upward diffuse, downwara diffuse, and total downward \\

irradiances respectively, and

k = YT =0T ¥ 5y = Tmgl/y (135)

‘A computer program was written which allows one to calculate these irradiance components
as a function of wavelength, eolar zenith angle, single-scattering albedo, surface alhedo,
altitcde, visual range, and optical depth. Figure 9 illustrates the diffuse downward component
for the Turner method where n = 0.5 and 90 = 09, thus simulating a Rayleigh atinosphere.
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- Our Calculation
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FIGURE 9. NORMALIZED DOWNWARD DIFFUSE IRRADIANCE VS OPTICAL
THICKNESS FOR VARIOUS (;SURFACE REFLECTANCES. p = surface reflect-
ance; solar zenith angle = 0°; no absorption; Rayleigh atmosphere.
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Kahle [115] carried out a similar calculation using the results of Chandrasekhar's exact cal-
culation for a Rayleigh atmosphere. Using the scattering functions calculated by Sekera and
Kahle [116] we have also calculated the exact resulte and compared them with the approxi-
mate calculations as are illustrated in Figure 9. The agreement is good considering the ap-
proximations that are used. It should be noted, however, th.1t a homogereous atmosphere is
assumed and polarization is not included in the present development. For the usuai optical
thicknesses for Earth's atmosphere ard reasonable reflectances the agreement is quite good.
A similar comparison, shown in Figure 10 was carried out for the diffuse radiation emitted
by the atmosphere. One advantage of the approxin.ate model, as with some other models as
well, is that the irradiances can be determined at any interior point of the medium. Thus, it
is possibie to see how the radiation field changes as one goes from the bottom to the top of

the atmosphere [117].

Using a relation similar to Eq. (129) and the irradiances as determined above one can

then find the spectral radiances. These are given formally as

:§ = Ls(nr k, wor ﬂor i, o, 5; qQ, qO) (136)
Lp = Lp(m k, wg, uoe 4 6, 9, 4, ) (137)
LT = LT(U' k, wo) uov u, & p, 5: q, qO) (138)

where l..s is the spectral sky radiance at any point in the medium (i.e., the radiance for an ob-
server looking into the upper hemisphere) and Lp is the path radiance (.e., the radiance for
an observer looking into the lower hemisphere at a target with zero reflectaace). L’l‘ is the
total spectral radiance for a downward looking observer. It should be noted that LT is not
only a function of the background albedo p but also of the target reflectance p. In general then,

_LT - 10.- + Lp (139)
where LGrepresents the radiance at the surface and 7 is the transmittance from the surface
to the ovserver.

The computational accuracy of tnis model was tested by comparing it with exact results.
Figure 11 fllustrates the comparison between the Turrner method calculations ard those of

115, A. B. Kahle, "Global Radiation Emerging from a Rayleigh-Scattering Atmospuere of
Large Optical Thicknegs,"” Asirophys. J., Vol. 151, February 1268,

1.8. Z.8ckera and A. B. Kahle, Scatteving Functions of Rayle!lzh Atmerrheres of Arbitrary
Thirkness, R-4520PR, The RAND Corporation, 8anta Mordca, Talii., 1965,

117. W. A. Malila, R. B. Crane, A. Omarzu and L E. Turner, Studies of Spectral Discrimina-
tion, Report No. 31650-22-T, Willow Fun Laboratorics of the In:titute of Sclieace and
Technology, Univergity of Michigan, Ann Arbor, 1971,
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FIGURE 10. PLANETARY ALBEDO VS8 OPTICAL THICKNESS FOR VARIOUS
SURFACE REFLECTANCES. Solar zenith angle = 0%; no absorption; scan
angle = 09; Rayleigh atmosphere.
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FIGURE 11. NORMALIZED PATH RADIANCE AT THE TOP OF THE

ATMOSPHERE VS OPTICAL 1HICKNESS FOR SEVERAL SURFACE

REFLECTANCES. p = surface reflectance; solar zenith angie = 0°;
no absorption; Rayleigh atmosphere.
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Coulson et al. (1960). E, is the extra-terrestrial irraaiance due to the sun. Figure 12 de-
picts the path radiance as a function of 9 for those gun angles. For certain angles and for
large optical thicknesses there is some discrepancy between the exact and approximate cal-
culations. In figure 13, we see the variation of sky radiance with solar zenith angle for two
different optical thicknesses. Both the magnitudes and the angular variations agree well ex-
cept for the case of large sclar angles (>75°) and larger optical thicknessen. As a {inal illus-
tration of the accuracy of the approximate mod :1 we present the total spectral radiance as a
function of nadir angle in Figure 14, Otter results have been reported in the literature {118].

The method is quite adaptable to a wide range of geometrical problems. For example, the
influence of background albedo or target radiance vs multiple scattering is being explored
(Turner, 1974) and various other multidimensional models are under investigation. Finally,
we present in Figure 15 a diagram which illustrates the basic radiatior~trarsfer multiple
scattering model as developed at ERIM.

118. W. A. Malila, R. B. Crane and R. E. Turner, Information Extraction Techniques for
Multispectral Scanner Data, Report No. 31650-74-T, Willow Run Laboratories of the
Institute of Sclence and Technology, University of Michigan, Ann Arbor, 1972,
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FIGURE 12. NORMALIZED PATH RADIANCE AT THE TOP OF THE

ATMOSPHERE VS OPTICAL THICKNESS FOR VARIOUS SOLAR ZENITH

ANGLES. Surface reflectance = 0.0; no absorption; scan angle = 0°;
Rayleigh atmosphere.
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INPUT

Solar Zenith Angle (Time, Date)
Zenith View Argle

Nadir View Angle

Relative Azimuthal Angle
Target Reflectance

Background Reflectance

Target Radius

Date

- Wavelength
Base Atmospheric Temperature
Base Atmospheric Pressure . .
Visual Range (Optical Thickness)
Aerosol Refractive Index
Aerosol Size Distribution
Sensor Altitude

e ]

Air Refractive Index
Single-Scattering Albedo
Single-Scattering Phase Function
Optical Depth

OouTPUT

Irradiance

Sky Radiance

Transmitiance

Surface Radiance

Beam Radiance

Singly-Scattered Solar Radiance
Doubly-Scattered Solar Radiance
Singly-Scattered Surfice Radiance
Path Radiance (Multiple Scattering)

Total (Beam pius Path) Radiance

(Multiple Scattering)

FIGURE 15. TURNER RADIATIVE TRANSFER MODEL
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4
THEORY OF ATMOSPHERIC ABSORPTION

4.1 INTRODUCTION

In this chapter we continue to maintain the separabiliiy of the scattering and molecular
absorbing parts of the radiative transfer equation. In this way we can discuss the process of
absorption as if no radiation were scattered from the beam, so that only molecular absorption
occurs, This is analogous to the manner in which we ignored molecular absorption in the dis-
cussion of scattering. Thus, the report can be separated into two essentially independent parts,
one devoted to scattering and one to molecular absorption, the latter being discussed in this
section,

4.2 RADIATIVE TRANSFER EQUATION FOR MOLECULAR ABSORPTION

It is seen from the general discussion of the radiative transfer equation that Eq. (21) in
Section 2.3 simplifies to a non-scattering representation of the transfer of radiation by the elim-
ination of the middle term by setting wy = 0. This will be true if the scattering coefficient k;()«. s)
= 0, leaving k'(x, <, = k;(.\, s). Thus, Eq. (21) for the spectral radiance at s becomes (the direc-
tion of 8’ is from s to R):

R
LA(A, 8) = LA('\' R) exp - f k, (A, 8')p(s")ds’ ofL;IA, T(s’))
-3 -3

exp - || k, (8, 5")p(s ") ds "k (A, 8°Inls')ds’ (140)

} u'—-—\m

where ka = k;/p is the mass absorption coefficient. To show explicitly the dependence of the
spectral absorptance, A(A), on the mass of the substance through which the radiation travels
and not merely the distance, the mass absorption coefficient is used, and the optical path or

optical depth is given by:

alr) = f k(r, 8)p(s)ds (141)

where p(s) is the path-dependent mass density of the absorber in grams per cn13, when 8 is
the distance in ¢cm. The units for k are, therefore, (g-m-cm'z)'l. Equation {140) is thus

written:
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LA(A, s) = L(A, R)1(x, R) +TL;[)\, T(s") ]p(s;)k()\, s')x
s

s‘
exp - Ip(s")k(x, s")ds"‘lds' ‘ (142)
5 J

It should be noted, however, that since the spectral transmittance, 1, is:

s'
*) =1- A(d) = exp -Ip(s")k()\, 8'')ds''} in general (see Section 1) (143) o
8 : /
N
the expression p(s'}k(:, s') exp - jp(S")k(A, s'')ds""lin Eq. 1421s nothing more thandr/ds', so that
s

Eq. (242) can be written very simply

R
L,(,8) =L,, (x, A7(x, R) j+ IL;[A, T(s')]d—’%;.i'lds- (144) \‘ )
s -~

where. if 7(A, s') is the transmittance between the point of cbservation (s), and some point (s')
in the path, d7(s') is defined as 7(}, 8' +ds') - 7(A, 8'). See Figure 16, The lerm LA(A, R) is
the spectral radiance of a source at the point R, which is transmitted through the atmosphere
between s and R, the transmittance being given by (A, R). L;[A, T(s')] is the (Planckian)
source fuaction for a radiator at temperature, T(s'), defined at some point, s',

Thus, the calculation of the radiance at some point, s, caused by emission from a source o
at somepoint, R,and the emission of the atmosphere between s and R (which is assumed to limit .
the path) amounts simplyto calculating the transn.ittance between s and every point inthe path out
to R. Since the expressions in Eq. (144) cannot usually be obtained in closed form, the calcula-
tions are generally performed numerically, by subdividing the atmosphere into increments
wichin which the atmosoheric parameters are considered to be constant. These increments are
formed by the shells which are demonstrated in Section 7.4. As explained in a report by
Hamilton, et al. (1973), the contributions forming the shells which compose the boundaries of
the layers containing the absorbing substance are summed up as follows:

86

B LRy
. R s e g s




BT

FORMERLY WILLOW RUN LABORATORIES. THE UNIVERSITY OF MICHIGAN

e

s s8' &' +ds' R
———
r(s')
J
7(s' +ds")

FIGURE 16. TRANSMITTANCE PATF
CONFIGURATION
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L, =€ AIL*T) 7,007 () + € ML} (T )7, 0) + Z‘_“’L;mi)[qm = W7 )]

n
1) ) LTI - 7y /0] (145)
i=j+

The details of this equation are explained in Section 7.4.

4.3 DESCRIPTION OF THE ABSCRPTION COEFFICIENT
The factors of importance to this discussion are the terms 7(A) and the parameters which

define them. As noted above in Eq. (143):

) = 1= AQ) = exp - [k(r, %) plx)dx

Since the factor k(A, x) is a strongly varying function of wavelength (or frequency,v)? it is
extremely important that its effect on atmospheric transmittance be examined in detail. It
can be derived simply out of consideration of the effect only of the abscrptive effect of the
atmosphere on radiation traversing it. The change in the amount of radiation traversing an
elemental distance, dx, containing p(x)dx grams of absorbers per cm2 is proportional to the
number of absorbers and to the number of photons, representable by LA. With all appropriate
constants implicit in it, the proportionality factor, a function of the frequency and of a parti-
cular place in the atmosphere, is designated as k(v, x), so that ‘

dL v("’ x) = -k(v, x) Ly(v, x)p(=)dx
which very simply solves, for a path from 0 to X, a8:

X

0
Lu("’ 0) = Lv("' xo) exp —f k(v, x)p(x)dx
0

glving, as above:
_ x
v, xy) = exp |- J‘.o k{v, x)p(x)dx (146)
0
The expression 7(v, xo) is the monochromatic atmospheric transmittance for the conditions

given; i.e., the value at one and only one Irequency, v.

*The reader should expect to encounter, during the course of this report, frequent changes
in the description of the spectral character of parameter between the use of A, the wavelength,
usually in micrometers, um; and v, the frequency ususlly in reciprocal centimeters, em™!,

It is to be noted in these cases that A = 1/p ¥ 109,
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There is usually little interest in the monochromatic transmittance, particularly for com-
parison between calculated and measured results, which are oblained by instruments whese
spectral resolution is sufficiently poor to integrate over some reasonable width of the spec-

trum. The greater interest, thus, is in the average* transmittance over the spectral interval
Av given by:

X
;AU(U’ xo) ="A1;, exp ‘Jok(l’, X)p (x)dx“ v (147)

|
A 0 =

One might consider this as the average transmittance over a spectral interval Av centered at
v, or the effective transmittance over a variable slit function whose effective width is that of a
rectangle with the same area as that under the spectral slit function.

The greatest part of the problem of solving ':Au is to find, if possible, an analytical solu~
tion for the integration over v, which involves a knowledge of the actual character of k(v)
(dropping the path dependence for convenience). Using the results of classical kinetic theory,
the nature of k(v) is shown, according to Lorentz, to be:

Q
g “""‘LL“'E (148)

-2.-1

where S is the line strength in units (gm-l-cm) {since k = (gm-cm “) 7)

aLls the Lorentz line half_—;vidth in cm-l (see Figure 17)

Yo is the frequency, in cm °, at the center of the line
When the line representing a transition has this shape it is said to be collision, or pressure,
broadened as a result of impacts of the molecule with neighboring molecules. Thus, the line

half-width depends upon pressure and temperature, and is often approximated as follows:
T
] g) _0}n
aL'aLOQ%/(T) (149)

where a0 is the half -width (in cm-l) at standard conditions, PO, TO
P is the pressure of the gas
T is the temperature
n is an empirically determined exponent, with a theoretical value of 1/2

*Actually what is desired is a weighted average to take into effect the (variable) spectral
"'sIit function” of the instrum=2nt which should be corvolved with the monochromatic transmit-
tance. This will be ignored in the discussion.
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FIGURE 17. FEATURES OF A LORENTZ LINE
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The line strength has a temperc.ture dependence which gives it the form:

T,-T
- m I il '
S = SO(TO/T) exp( K TOT ) (150)
where E'' is tne vibration-rotation energy of the initial state giving rise to a particular absorp-
tion line; k is the Boltzmann constant, m is an exponent which depends on the type of absorbing

gas.

The theory of molecular line absorption in the atmosrhere is covered in many texts, of
which the one by Goody (1964) is prubably the most recent, comprehensjve, and available, For
the purpose of compl'eleness, however, the theory will be reviewed briefly here, partially ex-
tracted from the earlier state-of-the-art report by Anding (19(7).

A study by Winters, et al. [119] of an isolated CO2 spectral line showed that the intensity
in the wings of the line decreased more rapidly than predicted by the Lorentz expression, On
the basis of this study, Benedict proposed the following empirical expression for the spectral
line shape of C02:

a
k(u)=§ e ] v - vyl 5d (151a)
v - uo) +ap
g Aa; exp (-alu - u0!b>
x(v) = z 3 le - uol zd (151b)

2
(v-uo) +ay

where d is the average spacing between spectra’ lines

a = 0.0675
b=-0.7
d=25cem™}

The value of A is chosen to make the two forms continuous at v - uol =d=2.5 cm-l.

There is a second cause of line broadening known as the Doppler effect which is reiated
to the relative motions .of the molecules. The pure Doppler broadened line is given by

2
k() = kge™ (152)

118. B. H. Winters, et al., "Line Shane in the Wing Beyond the Band Head of the 4.3 Band
of COy," J. Quant. Spec. Rad. Trans., Vol. 4, 1964, pp. 527-537.
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where
s (M)l/z
0 ap n
W -vy) 1/2

y= (In 2)
“p
and oy the Doppler half-width (in cm-l) at half maximum, Is given by

v 1/2
0 T
) =‘é’(2““2ﬁ)

where M = molecular weight (gm-mole-l), and k is the Boltzmann constant.

For lower altitudes where the atmospheric pressure is nigh, the Lorentz half-width, ar,
is dominant. As the atmospheric pressure decreases, the Lorentz half-width decreases and
the influence of Doppler broadening becomes more marked. For the 15-u COZ band, the Doppler
and Lorentz half-widths are equal at about 10 mb [120] and at lewer pressures the Doppler half-
width is greater. Thus, over a wide range of atmospheric pressures, it is necessary to con-
sider the riixed Doppler-Lorentz (Voigt) line shape to be completely accurate. The absorption
coafficient for the mixed broadening is given by Young [121]:

F 2
kou e-t
k(v) = = |\ 37— dt (153)
u+(y-t)

8

where kO' y are as before and
@
u= 2L (tn2)!/2
D

In the calculation of transmittance using direct integration over the absorption lines
(Section 5) the greatest accuracy can be obtained only by using the Voipt profile to describe
the line shape. A cempremise in simplicity to the exclusive use of the Lorentz profile for all
altitude regimes,as is usually done in calculation by band models (Section 8), results in an
error which is often unacceptable. Calculation using the Voigt profile, however, imposes

120. 8. R. Drayeon, Atmospheric Stant-Path Trangmission in the 154 COg2 Band, Report No.
05863-6-T, University of Michigan, Ann Arbor, 1664,

121, C. Young, "Calculation of the Absorptior ~ efficient for Lines with Combined Doppler-
Lorentz Broadening,"” J. Quant. Spect. R.. .. Trans., Yol. 5, 1965, pp. 549-552.
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hardships in terms of compuler time; and methods have been described in .he literature

(e.g., see Refs. [121}and [122] for easing the complications in computation. Drayson, by pri-
vate communication, has indicated a computer routine explained in a paper to be published soon.
This routine is currently part of his method of performing a direct integration of individual
absorption lines for calculating atmospheric transmittance, and uses what he considers to be
the best of the Young and Armstrong techniques.

Drayson's aim in setting up a special computer routine is to achieve both rapid computa-

tion and an accuracy in transmittance good to approximately one digit in the fourth decimal place.

In order to achieve this trade-off, he set up several regions in the u - y plane to define limiting
values of these variables for which different calculational techniques were used. They were set

up as follows (see Figure 18):
Region 1. y =1.0,u 25.0 - 0.8y

Dawson's functioa,F(x) = e."z]et2 dt is first evaluated:
0
(a) O0su=<2 Series expansion [123 ]
(b) 2 <u <45 Chebyshev expansion [124]
(c) 45=u Asymptotic expansion [123°

followed by Taylor series expansion [125].

Region II. y > 1.0 and u < 1.85 (3.6-u)
Continued fraction |126].

Region ITI, All{u, y)not {nI and II
(a) y 211.0 - 0.6875u 2-point Gauss-Hermite quadrature
(b) y < 11.0-0.6875u 4-point Gauss-Hermite quadrature

122. B. H. Armstrong, "Spectrum Line Profiles: The Voigt Function,” J. Quant. Spect. Rad.
Trans., Vol. 7, 1967, pp. 61-88.

123. A. Erdelyl, et al., Higher Transcendental Functiors, Vol. 2, Mc/;raw-Hill, N, Y., 1953,
p. 147.

124. D. Hummer, Maths. Comput., Vol. 18, 1964, p. 317.

125. V. Feddeyeva and N. Tarentev, Tables of the Probability Integral for Complex Argu-
ment, Pergamon Press, N. Y., 1£61.

126. B. Fried and S. Conte, The Plasma Dispersion Function, Acadeinic Press, N. Y.,
19¢1. -
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0 2.0 4.5 5.0

FIGURE 18. COMPUTATIONAL REGIONS USED FOR THE VOIGT PROFILE
(by Drayson) '
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4.4 DETERMINATION OF TRANSMITTANCE OR ABSORPTANCE

Four different forms for k(v) have been stated, each fo:r'n accurately representing the shage
of a spectral line if the appropriate conditions are salisfied. Therefore, to completelv specify
the absorption from Eq. (147), itis necessary to substitute the apprciriate form of k(v).

Let us assume that *he spectral interval over which Iq. (147) is defined contains many

spectral lines. Then we have

- N, %
Ay, =1-75,= |<1-exp Z‘ | kIptdxf b av ~(159)
v .i-1 0
Equation (154) is the general equation for specifying the absorption of a given species over an

atmospheric slant path, with the range of pressures encompassed by the path defining the spe-
cific form for the absorption coefficient k{v).

To better understand the parameters that must be specified before Eq. (154) can be eval-
uated, let us assume that the slant path ic such that the Lorentz line shape is valid. Then Equa-

tion (154) becomes

1 N X S;'vip(x)

AAp = 1-exp]|- 7 I——-—- VIR ax | ¢ dv (155)

Ly '
Av * i=1 0 i

The summation is over the total number of lines in the spectral interval and Sn is the strength

of the n-tk line, a, is the half-width of the n-th line, and Vo is the center frequency of the n-th
‘ n

line,

We shall see in Section 5 that Eq. (155) can be solved by a method known as the line-by-
line, o1 direct integration method, used by a number of investigators. There are reasons,
however, why this method is cften shunned, the largest teing the cost of performing a calcula-
tion of this sort. The loyrical step in lieu of this is vo resort to calculation by the use of band

modefs.

The problem oif determining slant-path transmission spectra is then to evaluate Eq. (155)
for each frequency within the spectral interval of interest. To perform this evaluation, the

following four parameters must be specified:

(1) The shape of each spectral line
(2) The location of each spectral line
(3) The strength and half-width of cach line and their variations with temperature and
pressure
(4) The density of the absorber at each point in the path.
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4.5 DETERMINATION OF LINE PARAMETERS

4.5.1 TECIHNIQUES OF BEENEDICT AND COLLABORATORS

The determination of line parameters is inseparably dependent on accurate, highlv-
resolved Iaboratory spectral data from the molecules of atmospheric constituerts, and on
practicable theories predicting the physical characteristics of inolecules. As already indicated,
there are a number of things which have to be known about an absorbing molecule before cal-
culations can be made, among which are the strengths of the individual lines and knowledge of

the shapes of the lines, as well as precise determinations of the spectral pdsition of the centers .

of the lines. Presumably. all of these factors could be obtained exclusiveiy from z well-
designed experiment measuring the spectral absorptance of a collection of the molecules as a
gas. In practice, however, certain physical limitations arise to thwart attempts to do s0, and
one must resort, in absorptance calculations, to the results of theoretical determinations of
line parameters, using the best of both techniques in a complementary fashion to derive those

values which can most realistically reproduce more general experimental results,

In outlining technioues for getting line parameters from 1aboratery experimental data, we
have chosen to emphasize the method delineated by Benedict, et al. [127, 128] because the reade
in later checking details, will find their treatment to be probably more complete than that «
other authors. But it should be understood that the approaches of other investigators, which
do not differ greatly from those of Benedict, et al., or from each other, are equally valid.
Actually, the refinements reported in later papers are required reading for the person whose
interest goes beyond the rudiments. In fact, since the treatment here is more-or-less super-
ficial, the reader will want to consult the original papers, and perhaps delve into other texts as
well. To cite only a few, there are the texts of Penner {129 and Goody (1964), as well és the
paper of Korb, Hunit and Plyler {130}, and the report by Burch and Gryvnak [131]. Goody treats

—

V. S. Benedict, R. Herman, S, Moore and S, Silverman, “The Strengths, Widths and
Shapes of Infrared Lines, 1. General Considerations, Canadian J. of Physics, Vol. 34,
1956(a), pp. 830-849.

W. S. Benedict, R. Herman, S. Moore and 8, Silverman, "The Strengths, Widths and
Shapes of Infrared Lines, II. The HC1 Fundamental,” Canadian J. of Physics, Vol, 34,

1936(b), pp. 850-875.

S. Penner, Quantitative Molecular §pectroscopy ard Gas Emissivities, Addison-Wesley,
Reading, Mass., 1959.

C. L. Korb, R. Hurt and E. Plyler, "Measurement of Line Strengths at Low Pressures:
Application to the 2-0 Band of CO," J. Chem. Phys., Vol. 48, No. 8, May 1968,

p. 1452,

D. E. Burch and D. A. Gryvnak, Strengths, Widths and Shapes of the Lines of the 3y CO
Band, Report No, U-38%2, Philco-Ford Corporation, 1867,

127.

128.

129.

130.

131,
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Doppler broadening of the Lorentz profile. Korb, Hunt and Plyler give base and wing correc- !
tions. Burch and Gryvnak and other authors have investigated the corrections descrioed by

Benedict, et al, to ti.e Lorentz line in the far wings. |

Usually the investigator responsible for calculating iine parameters ejther gathers his
own laboratory rerults, or works in collaboration with the experimentalist. He can then assure
himself of the accuracy of the laboratory results, or accept full resporsibiiity for the erroncous !
results to follow. This means that gas-handling techniques must be impeccable, because min-
ute quantities of foreign gases can at times introduce serious errors. In addition, the best tech-
niques must be applied to measuring the phy~ical properties of the gas samples, concentrations,
pressures, temperatures, etc.: as well as to measuring the sometimes minute siznals at the i
output of the spectrometer, With the precisely known wavelengths of certain standard emitters
and absorbers, there is hardly any difficulty in establishing a standard from which all line !

1

centers can be read, once the position of the line center on the output chart is precisely located.

If one can measure the equivalent width (see Section 4.3) of a spectra’ line at different op-
tical depths, he often has the essential experimental information needed for determining iine ;
parameters. In the infrared region, however, even those spectrometers with the highest prac-

ticably achievable resolution have spectral slit widths which are noticably larger than the half-

width of a spectral line, thcugh in the better cases they are on the order of the half-width.
One cannot expect, therefore, to reproduce the exact spectral shape of the line, but only an
approximation to it, resorting to calculation for yielding the true shape. However, Penner
(1969) and others (e.g., Benedict, et al., 1956b) have shown that the equivalent width of a spec-
tral line is independent of the sl.t function of the spectrometer, aithough the distortion of the

line by the slitcan be considerable as demonstrated in Figures 19, 20, and 21. In each of these
figures, one sees the exact shape of a pressure-broadened line with a given shape factor, along
with the distortions caused by a triangular slit function and by a rectangular slit function.

Table 5 {reproduced from Benedict, et al., 1956b) shows that the equivalent width is unaffected

on the basis of experimental evidence, even when the slit function changes in width by nearly
1

an order of magnitude from 0.24 em™ to 1.78 cm”
of HCI.

in the measurement of the spectrum, say,

Although it is not always recomimended in actual practice, in most calculations the Lorentz
line shape is assumed as an approximation to the true shape, with corrections teing made to
account for discrepancies caused by deviations from the Lorentz shape. An expression is
given in Section 4.3 for the Lorentz line shape as well as for the Doppler line shape, which
becomes effective at low pressures. Even in those cases where the influence of pressure on

et Vs o e i e et e £ e e e i

the broadening overcomes the Doppler effect, the Lorentz shape, while quite accurate near the
line center, is sometimes only a rough approximation in the wings. Because of the exccedingly
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0.50
u=0
0.40 {— -1 r~A(v)
0.30 — . .
0.20 - =~ |~ A, ) for Triangular .
/\< Slit with Ap* =1 cem”
Ap (v) for Rectangular
Slit with Ap* =1 cm-1
0.10 p— o .
0 1 | i | | |

-0.8 -06 -04 -0.2 0 0.2 0.4 0.6 0.8

-1
v uoln cm

FIGURE 19. SPECTRAL 233SORPTANCE, A(v), AND SMOOTHED
ABSORPTANCES AS FUNCTIONS OF (v - uo), THE DISTANCE

FROM LINE CENTER. u = o, /a (fn 212, 4 - Lorentz half-width;

L
= Doppler half-width = 0.10 cm™1; Ay* = Slit function Mmiting

a
D width. (Adopted from Penner, 1259 [129].)
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0.50

0.40

0.30

0.20
AA(v) for Triangular
Siit with Av® = 1cm” ]

0.10 Slit with Av* = 1 ¢m”

u-voincm

FIGURE 20. SPECTRAL ABSORPTANCE, A(v), AND SMOOTHED
ABSURPTANCES AS FUNCTIONS OF (v - VO), THE DISTANCE

FROM LINE CENTER. u = aL/aD(ln 2)1/2; oy = Lorentz half-width;

ay, = Doppler half-width = 0.10 cm™; Av* = Slit function limiting
width. (Adopted from Penner, 1959 [129].)
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0.30

0.20—

0.10—

Alv)

A, W) for Triangular Slit with A% = 1 cm !

Ag(v) for Rectangular Slit with av* =1 em™!

1 i 1 ! | i T 1 )

08 06 04 0.2 0 02 04 06 08 10 12 14 1.6

: -1
V- vgincm

FIGURE 21. SPECTRAL ABSORPTANCE, A(v), AND SMOOTHED
ABSORPTANCES AS FUNCTIONS OF (v - uo), THE DISTANCE
FROM LINE CENTER. u = aL/aD(!n 2)1/2; a, = Lorentz half-width;

ap, = Doppler half-width = 0.10 cm-l; Av* = Slit function limiting
width. (Adopted from Penner, 1959 [129].)
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TABLE 5. EXAMPLES TO INDICATE THE INDEPENDENCE OF EQUIVALENT

WIDTH UPON SPECTRAL SLIT WIDTH (From. Benedict, et al.,
1956a [ 128] .)

R(5)— HC1>® R(5)— K>
stit (em ™) w (cm'l) w (cm°l)
0.24 0.525 0.322
0.29 0.546 0.306
0.34 0.564 0.321
0.41 0.560 0.319
0.47 0.566 0.322
0.71 0.538 0.314
1.02 0.536 0.308
1.78 0.522+ 0.297+

* These values wer= obtained by measuring the sum of the HCi3% and HCI®
lines and decomgosing this area ig /he theoretically expected ra'io for
these lines, HC193/HC137 = (3.07)1/2,
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small absorption inthe wings, however, it is usually impossible to observe an effectgreaterthan
the noise of the measurement system. It becomes necessaryto make a correction, therefore,to
the equivalent width of the spectral line as obt~"ned by integration. Corrections for the wings
of a rotational line in the HCl1 spectrum (Beneaict, et al., 1956b) are shown in Table 6.

To the extent that a spectr2l line ran he isolated in an absorption experiment, the area
under the line is exactly represented (pruvided a Lerentz shape can be assumed) by the
Ladenburg-Reiche equation [132] (1 2fer to Section 5.2.2):

W = 27a; L(¥)
where
L) = ve ¥ [1,0) + L))

and*
V= S\v/(ZmL)

I the experiment is run at different pressures and path lengths a typical pair of spectra as
shown in Figure 22 (taken from Benedict, et al., 1956b, may be obtained. This particular ex-
ample shows tracings of part of the R-branch of HC1 with the two isotopes HC135 and HCI37
being demonstrated for two different pressures in the absorption cell, and two different path
lengths. Taking the area under each line, say at R(2), ore obtains the equivalent width, W,
which, when divided by the pressure {(obtaining WC) and plotted against pressure, yields a curve
such as that shown in Figure 23 (taken from Benedict, et al., 1956b). One notes that for a large
portion of the curve the value W° is independent of pressure, as indeed it should be for a
Lorentz shape. In order to reproduce the experimental points theoretically, Senedict, et al.
had to include Doppler broadening in their calculations for low pressures and overlapping of the
isotopic lines for high pressures. By making the cppropriate adjustments for these deviaijons
one can obtain a series of values, W°, for a lasge range of path lengths. According to Section 5,

wo s proportional to ihe value of ¥ for small quantities of the absorber, and proportional ¢ #-1'/2

for large quantities. Benedict, et al., evaluate Ww° of HCI for a number of cell path lengths (note
that ¥ = 1) varying from 0.028 to 140 cm.

Having so cbtained the values of w° 20d w (the absorber amo-'n:) for any given experiment,
one can plot log w° versus log w, superimpose this on a plot of the Ladenburg-Reiche curve as

*Note that we have uscd w for the absorber amount instead of £ as used by Benedict, et al.
in orderto retain ccasistency withits common use in the report. Thus, w here correspords to
the path lengin.

182, R. Ladenburg and F. Relche, "Ubs.r Selektive Abgorption,” Ann. Phys., Vol. 42, 1813,
p. 181,
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TABLE 6. EXAMPLES OF TYPICAL WING CORRECTICNS IN EQUIVALENT
WIDTH MEASUREMENTS. Lines R(0) of HCI, path length 0.109 c¢m; WO values
are in em~1 atm-1. (From Benedict, et al., 1956a [123].)

w® na1®® w® Her?
Run Uncorrected Corrected Uncorrected Corrected

1 0.3922 n.4205 0.1401 0.1574

2 0.4258 0.4473 0.1528 0.1694

3 0.3714 0.4056 0.1309 0.1502

4 0.4117 0.4415 0.1530 0.1676

5 0.4291 0.4536 0.1425 0.1670
average 0.4060 0.4337 cm ™! 0.1438 0.1623 cm™!
Std. dev. 0.0217 0.0180 0.0082 9.0072
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FIGURE 22. EXAMPLES OF THE TYPE OF ABSOURPTION SPECTRA OF HC! FROM WHICH

EQUIVALENT WIDTH MEASUREMENTS WERE MADE ILLUSTRATING TYPICAL SIiGNAL-

TO-NOISE RATIOS AND RESOLUTION EMPLOYED. The lowcr tracing taken at w = 0.028 cm

and P = 1 atm shows R-branch lines in the linear region of the curve of growth. The upper

tracing taken at w= 20 cm and P = ~0.01 atm shows the same lines in the square-root
region. (Redrawn from Benedict, et al., 1956b [ 128].)
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shown in Figure 24, and fit the experimental points to the theoretical curve. The intersection
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of the asymptote for the "linear' portion of the curve with the vertical line corresponding to
log W = 0, yields the vzlue log S° (S° = S/P). In addition, since the asymptote for the linear

and square root portions of the curve must have slopes of 1 and 1/2, respectively, the intersection

of these two straight lines defines the value wO = 40:;1 (a:‘ = aL/P , since:

L) =¢v(1-v/2+..)
with

W0 = W/p = s°w[l - WV(‘*WE) +.. ].

and for ¥ large

L@) = @u/mY1- 160+ )
with

Wozz(soagw)l/z[l - 11((:;)J/W")2 LI ]

In the paper (Benedict, et z1., 1956h) which accompanied the tutorial paper (Benedict, et al.,
1956a) being discussed in this 32ction, the sasue investigators applied, in addition to purely
analytical techniques, the graphical method outlined atove to the HC135 and HC!37 molecules
and the curve of growth reproduced in Figure 25 for a few of the lines. Using line strengths
calculated on another bnsgis they plotted the abscissa as s%w insteau of just w so that the curves
of growth of ail lines would coincide in the linear region. In this way, they intended to investi-~
gate what differences existed in line widths in the square root region. The intersection of the
asymptotes for lines with small J's ylelds a value a; =0.218cm™ atm™, Note, however,
that for the example showi for higher J values the asymptote drops below that for low J values,
On an experimental basis, therefore, this means that the half-widths are narrower for lines
with higher rotational quantum numbers. Infact, as Figure 26 shows, there is a considerable

variation in @y with the value of the rotational quantum number.

Another method described in the tutorial paper is thut of determining the strength-width
products and shapes from measurcments of the breadtls of strong lines. The breadth, b, is
the actual width of the absorption measured at a given optical depth, qy where

0 o o\2 2
§'a, wP zw(a L)zP

q,= =
v 1[(v - u0)2 + (agp)z] (v - vo)z + (a;;)i

and

b=2v -~ vo)
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FIGURE 23. PLOT OF W0 VERSUS PRESSURE FOR LINES R(2) OF HC13 AND HOLYY,

Showing experimental points and theoretical curves calculated for Lorentz collision

broadening and including the effects of both Doppler broadening and overlapping of
isotropic lines, (Redrawn from Benedict, et al., 1956b [ 128].)

5.0
|
1.0~
s E
- —
051
L) = ve ¥ [1,0) - 1,)]
0.1 L1l | 4o hntil
0.1 1.¢ 10
v

FIGURE 24. PLOT OF THE LADENBURG-REICH FUNCTION. Showing also the
limiting small ¢ (“linear") and large Y {“square-root”) asymptotes. (Redrawn
from Benedict, et al., 1956b [128] .)
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FIGURE 25. EXAMPLESOF CURVES OF GROWTH FOR THE LINE3

Im| =1 AND 7. The solid curve and asymyptsten for the case Imf =1

are calculated from the Laderburg-Relche ejuxtion. (Redrawn from
Benedict, et al., 1833b [125])

107

s st oot o St b & bt £ 2 8 J——

e e e e e e S e e o



D

FORMERLY WILLOW RUN LABORATOHRIES, THE LNOVERSITY OF MICHEGAM

0.30
a HC13® p-Branch
o R-Branch
[ ]
0.25 8 £ A HC'37 P-Branch
. - g . R-Branch —]10.0
LY o Lindholm (4-0)  ~
~ 020 3 9.0
'E u
o
To0as 8.0 _
g =
8:: 7.0 2
& c.aol '
6.0
-{5.0
0.05F
4.0
-43.0
0 ] 1 1 1 | ]
1 5 7 9 11 13 15

FIGURE 26. EXPERIMENTAL VALUES OF LINE WIDTHS PER

ATM (ay,q) VERSUS|m|FOR THE HC1 1-C BAND. The theoreti-

cal curve 15 that calculated for the resonant-dipole-billiard ball

(RDBB) approximation. The corresponding collision diameters

b are given. Line wiaths measured by Lindholm in th2 4-0 band

are shown for comparison. (Redrawn from Benedict, et al.,
1856b [128].)
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is related to the strarngth-width product by:

2 20° P\
6000 o 1 |, (20LT
L~ 4bw b

The value o a?‘ in the correction term is an estimate, Since the breadth cannot be measured
directly from experimental data, two corrections must be made, the first for the spectrometer
slit function which, for a trianguiar siit of width a, is written:

2
2g-32a"
b & == =

and the second for overlapping lines. Note than the slit width correction is zero for q = 3/2
and small for b lorge. The simplest and perhaps least accurate approach to overlapping cor-
rection is to assume an Elsasser distribution of lines from which the corrected value of the
strength-width product (incorporating also the siit functior » -rection) becomes:

2T 0Py -2 2]
o aqb* 1+4( L ) +4#3L"(%\ -0.822(b\ I
I

§%7% .7 - =
L~ 4Pw b de

where d is the constant spacing of the Elsasses lines. When greater accuracy is required the
Elsasser approximation must be dropped and the contribution of the overlapping lines to the
absorptiuns at the line of interest calculated direcily, if the frequency, streagth and width of
the interforing lines are known. Since the correction for overlap is relatively small, these
values can probably be estimated from other methods of measurement.

A third method of determining line structure is derived by Benedict, et al., but will not be
described here. The reader is referred to the original text of these investigators. As stated
in the tutorial article, if the same a; is obtained from all methods, then the validity of the
Lorentz shap: is demonstrated over the frequency range spanned by the calculations. The
authors consider the equivalent width measurement to be the best method for obtaining the
Lorentz a: siace it favors the regions near the line center which are probably determined by

the impact theory.

4.5.2 LOW-RESOLUTION TECHNIQUES

The methods exemplified by the werk of Benedict and K s co-workers are not the only ones
that can be used to determine line parameters. Aside from techniques used for determining
tand-model parameters, discussed in Section 5.2.8, there are cthers employing low resolution

measurements, i.e., resolutinn not sufficient to resolve individual lines. The simplest (and least

accurate) method is to extrapolate data to zero absorption. Assuming weak-line approximation
valid under these conditions, the slope of the absorption (Sw) {see Section 5) plotted against
109
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tl.e amount of absorber, w, gives the band strength S. A good exaomyple of a molecule for which
 this method has baen applied is that of ozone. Refereaces to this technique are Walshaw [133]
and McCaa and Shaw {134].

More sophisticated techniques may be employed if one has a geod idea of the positions of
the lines in the ahsorption bands. By chocsing different band strenpths and half -widih, one can
perforn. a direct line-by-line calculation (sec Section 5) to obtain the absorption for the same
conditions ured in the experimental measurement of absorption with moderate spectral resolu-
tion. The parameters are adjusted until one obtains satisfactory agreement between the theo-
retical and experimental values of absorption. This method was used by Drayson [135] in the
determiation of transmittance for use in the remote measurement of atmospheric preiiles of

temperature, and water vapor and ozone concentrations.

4.5.3 LASER METHODS

As opposed to the methods in the preceding scction, we are able to obtain much hizher res-
olutions with the use of lasers than with conventional spectroscepic techniques, Lasers with
fixed frequency are useful for gases _foz' which they have been constructed, such as COz. By
changing the mode of the laser, the parameters of many different lines can be measured. By !
varying the pressure of the gas in the absorptien cell, the shape of the line can w}ary from
nearly purely Doppler-broadened to purely Lorentz-broadened. Elyand McCubbin [135], for
example, have determined the temperature dependence of the self-broadened half-width of the

P-20 line in the 001-100 band of CO2 using a CO2 - N2 laser with a cavity 1.3 m lonz.

To get greater versatility, it 1s necessary to use a tunable laser, In the infrared region,
the most useful types presently are diode lasers which can be tuned over 2 span of several
wavenumbers, giving one the opportunity to scan individual lines with virtvally "infinite"

133. C. Walshaw, "Integrated Abgorption by the 9.6 pm Band of Ozone," Quant. J. Roy.
Meteorol. Soc., Vol. 83, 1837 pp. 315-321,

134. D. J. McCaa and J. H. Bhaw, "The Infrared Epectrum of Ozone," J. Kol. Epee., Vol. 23,
pp. 374-307. .

135. B. R. Drayson, "Transmittancea for Use In Bemote Sourdings of the Atmorgphere,”
8pace Research XI, Akademie-Verlag, Berlin, 1971, p. 585.

13¢. R. Ely and T. McCubbin, "Tha Temparature Depondence of the Self -Brondensd Half !
Width of the P~20 Line in the 001-100 2ard of COz," Appl. Opt., Vol 8, No. 6, kay %
1670, p. 120,
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resolution. The reader is referred to Hinkley, Nill and Blum [137] for a further elaboration
of the subject matter. We should expect to se¢ many further developments in this field of en-
deavor with the use of tunable lasers.

4.6 DESCRIPTION OF THE LINE PARAMZTERS OF THE MAJOR ABSORBERS
The task of calculating atmospheric transmittance (or atmospheric radlancq) from the

infinitely resolved line structure of atmospheric molecules is straighdorward, but is also
lengthy, time-consuming, and can be costly. Not so straightforward, however, is the process
of accumulating the enornous quantity of data required to make a line-tw-line calculation. For
each absorbing molecule in the atmosphere, a nuinber of important parameters are needer,
among which is the exact (to within the accuracy required or avoilable) position of each line
in the spectrum which is considered effective in contributing to the absorption of radiation. jn
accumulating line data, a decision to retain or reject a line {s made based on its intensity
relative to some predetermined criterion. The strength of each line is another essential pa-
.rameter in the calculation of atmospheric radiance, along with the line width and the energy of

the lower state in the transitions which produces the line.

These parameters, in addition to the quantity of absorber present, are the least of the
totality needed for making an absorption calculation; and even then, only the standardized con-
ditions for which the parameters were formulated are used. For more generalized calculations,
allowing for changes in atmospheric conditions, other parameters such as temperature, pres-
sure, and specific characteristics of the molecule must be explicitly entered into the calcula-
tion. These parameters are no more than are usually needed for any other calculation, but when
they are coupled with the enormous quality of data involved in a line-by-line calculation of atmo-
spheric absorption, the result is a relatively large expenditure of computer time. Methods for

reducing the time involved in line-by-line calculations will be demonstrated in the ensuing section.

4.6.1 ACCUMULATION OF LINE DATA

A lot of work has been done for a number of years in studying the properties of molecules
in relation to their radiative characteristics. In his bibllographic volume, Laulainen (1972)
cites referencis dating back to 1940, For this rerort, it is sufficient t¢ refer to some of the
significant work started about 10 years ago, and which has continued by various investigators

|
137. E. D, Hirkley, K. Kili and 8. Blum, "Laser Spectroscopy of Atoms and Molacales,"”
Toplics in Appliad Phyeics, Vol. 2, H. Walther (24.), Epringer-Verlug, Berlin, 1874,
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up to the present time. McClatchey, et al. [i38] cite the work of Gates, et al. [139] as the
initiation of continuing effort aimed at compiling spectroscopic data on the vibration-rotation
structure, first of Hzo vapor in the 2.7 um region, a.d later of CO2 in the 2.05 and 2.7 um
bands {140]; and of H,O vapor in the 1.9 and §.3 pm bands [141].

The only existing complete compilation of line parameters (McClatchey, et al., {138])
appears to trace a lineaye of government-supported work from which it evolved. Much of this
work was originallv (?,«cted less toward completeness than toward specificity. However,
McCiatchey, et al acknowledge the work of earlier investigators as establishing a solid base
of information, in addition to that cited above. Among those cited are the w: -k of Drayson
and You:g [142] for the 15 pm bands of C02: Clough and Kneizys [143] for the 9.6 um bands
of Og; Kunde [144] for the CQ fundamental bands near 5 pm; Kyle [145, 146] for the CH bands
near 3 and 7.5 pym; and the unpublished rotational structure of 320 vapor from Benedict and

Kaplan tabulated in Goocy's (19€4, p. 84) text.

138. R. A. McClatchey, et al., AFCRL Atmospheric Absorption Line Parameters Compliation,
Report No. AFCRL-TR-73-0086, Air Force Systems Command, 1878,

139. D. M. Gatea, R, F. Calfee and D, W. Kansen, et al., Line Parameters and Computed
Spectra for Water Vapor Bards at 2.7v, National Bureau of Standards, Monograph No.
71. 1964,

140. R. F. Calfee and W. 8. Benedict, Carbon Laciride Spectral Line Positions and intensitles
Calculated for the 2.05 and 2.7 Micron Regions, Technical Note 332, National Burrau
of Standards, 1968.

141, W. 8. Benedict and R. F. Calfee, Line Parameters for the 1.9 and 6.3 micron Water
Vapor Bands, ESSA Profecsional Paper 2, (June 1987) U, 8, Government Printing
Office, June 1867,

142, 8. R. Drayson and c. Young, The Frequencles and Intensities of Carbor Dioxide Abzorp-
tion Lines Setween 12 to 18 Microns, iteport Nu, 08183-1-T, University of Michigan,
Ann Arbor, 1867,

143. 8. A. Clough and F. X. Kneizys, Ozone Absorption in the 9.0 Micron Region, Report No.
AFCRL-65-862, Air Force Cambridge Regearch Laboratories, Bedford, Mags., 1863,

144. V. G. Kunde, Tables of Theoretical Line Positions and Intensities for the AV = 1, AV =
2, and AV = 3 Vibration-Rotation Bands of C12018 and C13016, NASA Report No. TMX-
63183, Goddard Space Flight Center, Greenbelt, Md., 1867(a).

145. T. G. Kyle, "Abgorption by Doppler-Lorentz Atmospheric Lines," J. Quant. Spect. Red.
Trans., Vol. 8, 1838(2), pp. 1455-1462.

148. T. G. Kyle, Line Parameters of the Infrared ¥othane Bands, Roport No. AFCRL-68-
0521, Air Force Cambridze Research Laboratorizs, Bedlord, Mass., 1832{b).
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The earlier work of Drayson-and Young (1367) has been revised [147] to produce more
accurate line parameters for CO2 between 12 and 20 pm, derived mainly from the laboratory
measurements of Chaney [148). The revision has resulted in: changes in positions of most of
the lines (but small ones, of less than 0.05 cm'l); changes in strengths; and additional bands. The
absolute strengths of the lines included were restricted to those greater than.1 x 10'6 c:m'1
(atm-cm)”} at 300 K, which corresponds to about 4 X 1026 ¢m™Y/(mot cm'z), the units recom-
mended by McClatchey, et al. (1973). These values are approximately a factor of 2 higher than
the lower limit set in the compilation. Note also that these units differ from the ones presented

earlier in this section. All of them are equally valid and dependent on irdividual nusage.

The interested reader is referred to ti-e bibliography by Laulainen (1972) for an insight
into the huge volume of spectral information available in the literature, some of which pre-
sumably influenced the derivation of the compilation of line parameters. Much of the latest
Drayson [147] data were unavailabie for inclusion. These data would not alter the line positions
greatly, although a spot check of Drayson's data with the compiiation showed differences in the
intensities of the order of a few percent. There is a good account in the report by McClatchey
et al. of those data which directly influenced the compilation, the preduct of an effort at Air
Force Cambridge Research Laboratories (AFCRL) initiated around 1968.

Since the group at AFCRL exerted much controlling influence on the separate efforts by tn-
vestigators to obtain experimental data on line parameters, they were able to elicit many of the
results where ihey were most needed. Indeed some of the authors of the compilation report wece
the investigators responsible for generating the data. In general, however, the sources of datz
on line parameters are relatively widespread with a heavy dependence for their accuracy, indeed
validity, on the numerous high-resolutior measuremnts made in the laboratory and in the field.
Further discussion is centered o the svhjects of laboratory and field measurements in Section9,
Many of the data used in the AFCRL compilation are not cited in i,aulainen's bibliogranhy, and
conversely many of the references cited in the latter work apparently were not used in compiling
the line parameters. The reasons for the choice of data for the compilation are not evident; on
the other hand, it would be ridiculous even to contemplate using the uncountable quantity of
existing data, even if it were all equally good. Furthermore, much of the work cited in the
compfiation is derived from reports of government-sponsored work which do not necessarily get
reporied in the open literature. These references would not necéssarily appear in the us\zal
bibliography, since they are often unavallable to the general public.

147. 8. R. Drayson, A Listing of Wave Numbers and Intensities of Carbon Dicxide Abgorption
Linag Between 12 and 20um, Report No. 038350-4-T, University of Michigan, Amn Arbor,
197s.

148. L. W Chaney, High Regolutlon Spectroscopic Measurements of Carbon Dioxide and
Carbon Monoxide, Rept. No. 636350-3-T, University of Michigan, Ann Arbor, 1972
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Because the AFCRL compilation is one-of-a-kind, it is appropriate that a list of the subject |
matter nsed be singled out here for critique By anyone who questions its specificily or com- X
pleteness. Many of the references cited in McClatchey, et al. (1973) are unavailable, either be-
cause the information was prlvately transmitted directly from the researcher !o the authors,
or because the works were as yet unpublished when the compilation was produced. The authors
are quick {o note that an opus of this magnitude is likely to contain errers, recognizing that its
usefulness will be determined by its accuracy and completeness, which i turn are assured by
the cooperation of the user in citing new laboratory data or theoretical work. The bibliography
at the end of this report presents works related to the various absorbing atmospheric species,

4.6.2 THE AFCRL COMPILATION

The compilation generated by AFCRL contains data on over 100,000 lines, mainly in the
infrared and micruwave regions, from 1{20 CO 3, N20 Co, CH 4 and 0 in the atmosphere,
and is described in the report (McClatchey, et a.l 19%3) cited earlier. It is, presumably, the ;
most nearly complete compilation of data-of this type, derived from a number of sources. ‘
Whereas many investigators ignore the presence of oxygen in the absorption spectrum of the Y
atmosphere, the AFCRL comptilation includes it. On the other hand, HNOs, cousidered to be
important at high altitudes, is not included in the compilation. The effect of HNO3 is,to be sure, \
secondary to that of the more common absorbing gases. And of course the more-or-less common’
atmospheric polluting gases have been excluded, probably for a number of reasons. Wheir im- :
portance is secondary; they would not fit into the scope of the general atmosphetric problem
since any interest in them would be provincial. And certainly, some have exceedingly compli-
cated structures, with far less data collected on them than on the more common atmospheric
constituents, The fact that HNOS actually falls, to a large extent, inlo this class of al»sorbers,

may be the reason for its exclusion.

According to a statement of McClatchey; et al. (1973 ), the compilation is available ‘o per-
sons interested in obtaining it. It is contained on magnetié tape in 7-track; 8000 BF¥I characters.
The format is described in the report and will not be reproduced here. 1t coatains informaticn
on the positions of the more than 100,000 lines included, ia addition to the line strengths and
half-widths corresponding to a temperature of 296 K and 2 pressure of 7¢9 mm Hg, 1.2., one

e e e s

standard atmosphere. For ease of use in generalized atmospheric calculations, the compiia~
tion alsgo includes the energy of the ground state for each ling, as well as several sets of
identification numbers. The strengths are deriver on the basis of the number of molecules of the
isotopes in their normal abundance. ‘Ihe isotopic abundances used are shown in Taxle 7. The

nomenclature used is given in tie following example: Hlomn"-m. For usage olthose numbers,
see McClatchey, et al, (1973).
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TABLE 7. ISOTOPIC ABUNDANCES. (From McClatchey, et al., 1973 [138].)

Molecule Isotope Abundance Molecule Isctope sdurdance
HzO 161 0.89729 CFy 211 0.98815
162 0.000300 311 0.01119
181 0.00204 CHZD 212 0.00060
1 0.090370
CO2 626 0.98414 02 66 0.98519
636 0.01105 68 0.00407
628 0.00402 67 0.00074
627 0.000730
638 0.0000452
637 0.00029320
828 0.00000412
03 666 0.99279
668 0.00406
686 0.00202
Nzo 446 0.99022
453 0.00368
546 0,00368
448 0.00202
447 0.00037
CcoO 26 0.98652
36 0,01107
28 0.00202
27 0.000369
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Determinations of the values compiled in the report by McClatchey, et .1, are evidently an
intricate combinatiox of theoretical and experimental resulls, eack being used as a check on the
other. Included in the repert is a set of nomenclature which form the basis for the calcmtation
of the more than 100,000 lines, a printout of which stacks approximately onz foot high. It is
vzviously beyond the scope of this report to reproduce these lines. One could perform many of
the calculations from the set of data tabulated in the report, but this would be a rather costly
and useless task, consideriny. that the line parameters apparently are available to anyone who
has a clean tape to send to AFCRL.

]

Basically, for linear molecules (CO2 and N20), the compilation originatese in the following
equation for the unperturbed vibrational energy levels:

G:np = Zw:.vi + E Z-' r”vivj + g22£2 + Z Z Zy”kvivjvk (156) :
i i} i jad k2

where the v, are the ﬂbraﬁe$a1 quantum numbers and £ is a quantum number (angular momentumg
associated with the degeneracy introduvced by the quantized argular momenta. The Wi xﬁ, yljk
and €,, are coefficients. In this form, the vibratonal energy level is referred to the lowest
vibrational energy level. Pexturbations of these energy levels to account for different effects
results in a resolution of energy level degeneracies and a splitting of energy levels. Coupled ;
with multiplicity of lines due to tie different isotopes of any given molecule, this splitting and the;
resultant multiplicity of rotational \ines, resulis in a large number of )ines associated with any ;
given vibrational band. The descripiion in McClatchey, et al. (1973) of the energy levels for
varioua molecules reflects this complexity, so that it is important to refer to the report for an
understanding of the labels attacha¢ to the lines in the comptlation. '

3

4.8.2.1 Carbon Dioxide (CO )

For th if:car molecules C02 and N O with only cne degenerate vibration, the G U0P s:

o - Z“’ ZZ-"u *g22' * .'_.ZZ’nk"t"j"k e

yog21 k2

i G i W st ' i b i s T

and the rotational energy corresponding to each quantum number, J, ie;

E,y =G, +B I+ 1) 1 -ppa+n- 2R aeen- 2P, (158)

where the Gv (vibraticnal energy level modified by reasonance perturbation), B » D, and H_ are
tzbulated in the report. The Hv are quite sm..l and thus omitted for most levels. The so-called
£-type doubling (see, 2.g.. Ref. [149]) couger 1 spl*tting of rotational lesels inte two levels close

149. g ger:g:;g, intrared ana Raman Epect o of Polyatomic Molecules, Van Moatraad,
o Yoo
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together in energy. The rotationzl conciiatls associatcd witl: these levels are designated in the

tables with an additionof ac ord. If f =1 the values B, for the » and d comporents differ as
dec thogse for D, andil . I € =2 the B valves are equal but the b, and M, vaiues differ

for candd. I £ =3 oaly the W, valuzs for ¢ and d differ. A further explaiation of the use of
these symbols in calentating energy lovals is given in tie roport along with the general equution

for calcwlating the wavenumber of an allowad transiticn:
J(m) = G‘, +2m +bm2 + cm3 + dm4 + en15 + .(me (159)
- | 1ty - [ - . 1 ) = - .
where a (Bv +Bv), b (Bv B‘:_ I?V+ _"_), c 2(0", + D:/'),
d = -(bv - D,V_ Y e= 3(Hv + Hv Bi= (dv - Hv)

and  m=J" + 1forthe R-branch (J"' ~ J'" +1)
-I'""jor the P-brarnch (J'' ~ J"' - 1)

i

=J" for the Q-branch (' — J'") (A slightly merilicd equation s used for the Q-branch;

See Eq. (160)).
The primed valces refer to the upper vibrational state and the double-primed values refer to the
lower vibrationsl state. The selection rules governing the ¢ ~currence of a transitior are as
follows:
When Al =0, AY = 11, c~-¢, and d ~——d;when Al = 1, AJ = 11, c—¢, 2nd d—d; and when

AJ =0, ¢c—d.
where, for exaniple, c——c¢ implies that the letter assizned to the rctational level does not change
in the transition, etc.

Certain vibrational energe levels and molecular constanvts for the various isotopes of COZ
reported in the compilation report are izbulated in Table 8. In Table 9 are ¢abulated the band
centers corresponding te transitions briviecn the vibraticrn] energy levels, also shown in the
table, as weil as the unperturbed stree ;ih of each band. Tuchniques are explained in the compila-
tion report for tzkinz interaction effects tnfo considiraticn. It should be noted, incidentally, that

the values tabul:ied do not always correspend to those uzned in generating the magnetic tagpe.

4.6.2.2 Nitrous Cuide (N,0)

For N,0O, ¢uin 2r2 roported which are similar to the-2 ~iven for COZ’ although e enevryy
&

level designaticn is slishtly differe... Iplinnations ave glvia for the manner in which tie band

datg are uced o to'io into accaunt the <liocts of Interacticns. The vibrational enermy levels and

moleculer consinnts nre given in Toble 10; those are fnc irt .l irto Eq. (159) to obtain line posi-

tions for tha P~ zud R-branches. Terile O-bransh, ure (07 =C, m=J"):
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(From McClatchey, et al., 1873 [138].)

tnerqy [ ] -] Seargy ] ] ] Enecyy [ » o
Lavel Maltiply Level Multiply Lavel Multiply
w0’ wr 10 i by i0”
@l wmh @h wh et @h c™h) ' @h
) pa_ 826 46004 97,249 ©.330097  L.%9 41114 ¢ 0081.17%  0.30764) 1.%
o000t 0.C0 0.780218 1.0 33303 ¢ AL 1M 1,338 e1ite & 99783 1.68
32203 4 1.3 4l11) € 8230.644  .I8623)  1.358
0110k ¢ 467,379 .290843  1.3%8 2113 ¢ WSO W1 .6 e L8721 1,358
o0l 4 391383 188 a1y e 4842 1,708 41132 ¢ 0425.000  .3eE817 0.93%
40002 $475.565  .)9009)  0.895¢ Qe .388517  0.9¢S
10002 1283.412  .J904A1 1.3} 1333 ed S83L2YY TR 1.W2 11325 $803.265  .3818%% )1.49
03201 ¢ 1335.129  .J9lés2  1.38% 03311 of 617.3%4 L390%01) LM 1132 ¢ 2382748 1.55
02201 & 1.37 21113 ¢ %633.70 367010 1.268 03331 cd 8851.648  .383420 1.40
1000} 1368.107  .3%0188 1.'42 21124 .358128  1.38% 13 ¢ 896346 301264 122
13313 od $730.610  .392°Y 1.5 11131 4 .381876 1.1
1102 ¢ 1933.470 39073 1440 2kl e $790.579 (341D 1.138
ez ¢ 391680 1.301 ad 02883 1.07% 20033 93808.9% 62 LN
03301 ¢4 200).238 .}92420  1.40) 10022 9918.209 384738 1.%7 12232 ¢ %419.18% (38307 137
1101 ¢ 2076.86% 380436 1.3M) 02221 ¢ S954.339 . WMWI?  1.3% 12232 4 1.28
11101 @ 391344 1.19% 02221 4 [ Y8 1 20032 16.97C 404 L.39
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FORMERLY ARLOW AUNLABORATOMIER. THE UMNIVERBITY OF MICHQAN

TABLE 9. BAND ORIGINS AND STRENGTHS FOR CO;.

(From McClatchey, et ul., 1873 [138].) (Concluded

Sond Uppor bowes T~ .' ”n s
M Conter Lav- i tevel tape tamlitiply by
-
10°0 gt
't UL I |
6336.045  JILL SLIG &% .o
817940 11132 o000l &% .02
esh2. 044 D111 02201 % L3
%M. 700 1131 0000l 624 e
43,418 SNl ollor &) L0108
6290, 219 [ -3 1% [ 8 (3% RN
W0, 410 M) 03301 “we .0omi
667,200 BN BIISL &3 0112
70,706 31101 11102 & 80241
43,130 11 o0l e 00403
w751 611l 8301 AN 4
$90%.770 10033 10003} @ mnn
6907.144 10012 10002 82 .01%
082,230 S0c1) 00k (] JA2
13,18 sun ot e L
! e™i.418  00al1 o000l 4N 0.0112
i $372.370 00034 O000) 634 1598
i 281,980 40017 0001 €3¢ 000108
7460.430 40014 00001 62 42
7061.91 40013 00008 €3 00113
7983, 243 41131} 91101 (] 0N
7593.408  4003) Soo0l “°oe + 1084
716.620  $1102 00001 &3¢ (1,134 W
134,482 0012 0000} [ >0 N, ]
7737.023 4112 [I1-1) . K. ]
TO1. 4™ Nirx 0000} (> ) ,00149 018
TH0.840 40001 00001 428 Jonia
7905.108 10037 OGoo0d 418 k13
omi.0s8 12131 6701 AN 00193
08064 10030 G000l AN Jev0y
810,378  200))  J0003 43 L00MS
8120.104 10013 S0l 639 Loy
010.78) 20032  Jol 426 o
si15.00¢ 11132 G101 & 0002
BI82.3% 1003 (ool 4 024
$220.24) 10031 @000l AN oy
243163 30031 1000k 63 00100
8394.000 10131 #3300 A s
7677 11123 01101 €M 9083
$293.937 16031 o0l &% o4
9308.990  JOUIS  S0ME &M 18
.08 I M 6 06180
716.970 033 e00) e o233
931,350 20011 el 4 0083

Notes to Table 9.

Bands deriving all their strength from J-dependent
perturbation are designated o per-t, when one near
band provides the strength;n, when the listed strength is

muliplied by m(m + 1); an
is multiplied by m2(m + 1)<,

g A, when the listed strength

Q designates bands with strength below the criterfor
limit, whose Q-branches are significant.

¢ is an interaction parameter. Sze McClatchey,

et al, (1€%3).
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TABLE 10. VIBRATIONAL ENERGY LEVELS AND MOLECULAR CONSTANTS FOR
N20. (From McClatchey, et al., 1673 [138].) '

*En rgy G B D H
Level Multiply Multiply
by 10”7 by 10”12
(cm-l) (c'm'l) (cm-l) (cm-l)
00% 0 0.4190113 1.785 1.17 .
011% 588.767 0.4101777 1.785 1.17
0119 588.767 0.419069% 1.785 1.17
02% 1168.134 0.4109193 2.445 517
022% 1177,750 0.4201253 1.165 1.17
02290 1177.750 0.4201253 1.795 1.17
10% 1284.907 0.4172563 1.775 1.17
031% 1749.058 0.4196063 2.195 1.1%
03199 1749.058 0.4210383 2.195 1.17
033% 1766.958 0.420574 1.805 2.20
033% 1766.558 0.420674 1,805 0.14
111% 1880.268 0.4174373 1.765 1.17
1119% 1880.268 0.4182803 1.775 1.17
04%0 2322.570 0.4206113 4.095 16.17
642% (2331.15) 0.4210113 1.350 1.17
0439% (2331.15) 0.4210113 2.50 1.17
12% 2461.998 0.4181483 2.465 3.77
122% 2474.785 0.4187143 1.210 1.17
1229 2474.785 0.4157143 1.700 1.17
20°0 2563.341 0.4224193 1.645 1.17
00°1 2223.756 0.4155613 1.795 1.17
051 2897.876 2.085 1.17
ostdo 2807.876 2.355 1.17
131% 3046.213 0.4177633 2,145 1.17
1319 3046.213 0.4193783 2.165 1.17
133% 3067.749 0.419109 1,805 0.47
1339 3067,749 0.419109 1.805 1.87
124

B




b e am e s

P

Pl

TABLE 10. VIBRATIONAL ENERGY LEVELS AND MOLEZULAR CONSTANTS FOR

PORMENLY WILLOW RUN LABORATORINS, THE UHIVERSITY OF MICHIGAN

NyO. (From McClaicbhey, ct al., 1973 [138].) (Continued)

125

* Energy G 8 D H
Level Multiply Multiply
by 1077 by 10712
(em™) (em™}) (em”) (em™})
Isotore 446 (Contd)
211% 3165.857 0.4158333 3.595 1.17
2119 3165.857 0.41691€3 1.595 1.17
011¢; 2798.290 €.4157723 1.795 1.17
0119 2798.290 0.4165473 1,795 1.17
14°0 3620.941 0.4187873 3.885 14.17
142% 3631.601 0.4190143 0.375 1.17
14299 3631.601 0.4190143 2.045 1.17
229 3748.252 0.4163273 2,395 2.17
222% 3766.060 0.4172013 1.200 1.17
222% 3766.060 0.4172013 1.560 1.17
30°0 3836.373 0.4141473 1.385 1,17
02°%1 3363.974 0.4165443 2.445 1.17
022%; 3373.137 0.4167523 1.195 1.17
022% 3373.137 0.£167523 1.795 1.17
10°1 3480.821 0.7137843 1.745 1.17
231% 4335.798 0.4159193 2.045 1.17
2319 4335.708 0.4176813 2.115 1.17
3115 4445.379 0.4143703 1.625 1.17
3119 4446.379 0.4156713 1.365 1.17
031¢; 3931.258 0.4162253 1.915 1.17
0319, 3931.258 0.4176843 1.925 1.17
033%) 3948.344 0.417327 1.815 0.14
0339 3948.344 0.417327 1.815 2.20
111¢y 4061.979 0.4140513 1.775 1.17
1119 4061.979 0.41490343 1.735 1.17
40% 5105.65 0.41319:3 1.795 1.17
32% 5026.34 0.4143113 1.795 1.17
20%1 4730.828 0.4121163 1.625 1.17
12%1 4630,164 0.4147633 2.475 417
122% 4642.463 0.4151583 1.315 1.17
1229) 4£42.463 0.4151583 1.315 1.17
002 4417.379 0.4120963 1.765 117
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FORMERLY WILLOW RUN LABORATOFIEIS, THE UNIVERSITY OF WICHIIAN
TABLE 10. VIBRATIOMNAL ENERGY LEVELS AND MOLECULAR CONSTANTS FCR
N2O. (From McClatchey, et al., 1973 [138].) (Continued)

B 4RO B 4 A R TN A a0 S

* Energy G B D B
Level Multipl Multiply
by10"0 | by1o'?
(cm l) (cm'l) (cm-l) (cm-l)
Isotope 446 (Contd)
211¢; 5319.175 0.41243i3 1.675 1.17
2119, 5319.175 0.4134703 1.555 1.17
011¢2 4977.695 0.4123583 1.785 1.17
0119, 4977.695 0.4131183 1.785 1.17
Isotope « 56
00% (] 0.418¢821 1.75
011% 575.5 0.419095 1.75
0119 575.5 0.41989% 1.75
10°0 1280.5 0.41719 1.72
111 1861.9 0.41734 1.7
11199 1861.9 0.41820 1.70
20% 2554.3 0.41545 1.67
00°1 2177.659 0.41568 1.75
011¢) 2739.63 0.415855 1.75
o1l 2139.63 0.416605 175
10°1 3430.95 0.41387 1,72
Isotope 546
00% 0 0.4048564 1.64
011 585,320 0.4050304 1.65
01199 585.320 0.4057724 1.65
10% 1269.894 0.493269 1.60
111% 1863.080 0.4034614 1.59
1119 1863.080 0.4043814 1,57
20% 2534.21 0.401870 1.45
00°1 2201.604 0.401495 1.65
011:1 2745,709 0. 4017054 1.65
0119 2745.709 0.4024104 1.65
10%2 3443.659 0.3998%3 1.60
128
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TABLE 10. VIBRATIONAL ENERGY LEVELS AND MOLECULAR CONSTANTS FOR

—
F IRNERLY WILLOW RUN LABORATORILS. THE UNIVERSITY OF MICHIGAN

NyO. (From Mcflatchey, et al., 1973 [138].) (Concluded)

|*Energy G B D H
Level Multiply Multiply
by 20”7 by 10”12
(cx'n.l (cm-l) (cm-l) (cm“)
Isotog 448
00% 0 0.395577 1.65
011 584.1 0.395749 1.65
o119 584.1 0.396461 1.65
10% 1247.9 0.394057 1.35
111% 1839.8 0.39430 1.56
111% 1839.8 0.39513 1.50
20°0 2491.3 0.39279 1.31
00°1 2218.97 0.392317 1.65
0119 2783.80 0.392549
0119, 2788.80 0.393209
10%1 3439.1 0.39078 1.55
Isotope 447
00% 0 0.406691 1.72
011% 586.3 0.406860 1.72
011% 586.3 0.407610 1.72
10°% 1265.5 0,405961 1.67
00°1 2221.3 0.40334
011¢) 2793.55 0.40357
0119 2793.55 0.40430

*Superscripts designate splitting. See Section 4.6.2.
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D(J") - Gv + (B' - Blv)m + [(B' - B'!)_(Dv - D")]mz - [2(9' - D")"(H' - H")]m3

-[(0' - D) - 3(H' - B"m? + 3(H" - HmD « (@' - H)m® (160)

For a fuller explanation of the inclusiveness of the data, the reader shculd refer to the compila-
tion report. Table 11 reproduces the data in the band systems for NZO' giving the main band
center and the levels from which transitions in these bands arise, along with the strength of the
system. The strengths of the individual lines included are greater than 4 X 102° molecules™)
cm2 cm-l, with the Q-branch of the band centered at 1974.571 included even though the individual
strengths fall below the restrictive limit, because they are close enough together to be included
aggregately by most slit functions. The individual bands in the system are broken down in

Table 12.

4.6.2.3 Carbon Monoxide (CO)

Turning to the simple molecule, CO, there is little fanfare in the compilation report regard-
ingits structure. Apparently, much of the ground work for determining the parameters used in
calculating its line positions came from a report by Young [150], out of which are reproduced
Tables 13 and 14. The first of these tables gives the spectroscopic constants for CO, and the
second gives the integrated strengths for the fundamental and first two overtones of the molecule.

4.6.2.4 Oxygen (0,)

In the compilation by McClatchey, et al. the 02 molecule is considered last because, as a
special cage, it produces spectroscopic data produced by mechanisms somewhat different from
those of the "conventional" IR-radiating and absorbing molecules. The energy level structure of
the 02 molecule is complex, but O2 is considered here because the physical strucinre of a di-
atomic molecule puts it in the realm of the simple molecule. Actually, the characteristics of O2
are presumed to be of lesser importance in this report because, as an absorber, 02 tends to be
effectively mainly in the near~IR (and visible) and in the microwave region, where the self-
emission of the atmosphere is well below that at the mid-IR reglons. Another, and perhaps more
pertinent, reason for this presumption is that most of the models described in this report ignore

O2 as an absorber A good reason for including 02, of course, is that it is the second most prev-

alent gas in the atmosphere, constituting approximately 20% of it. Nz, the most prevalent gas

150. ;. A. Young, "CO Infrared Spectra," J. Quant. Spect. Rad. Trans., Vol. 8, 1968, pp. 693~
16.
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TABLE 11. SUMMARY OF N,O BAND SYSTEMS. (From McClatchey, et al., 1973 (138].)

FORMERLY WL D)W RUN LA ATORIES, THE UNIVERSITY OF MICHIGAN

Center of Upper Lower Strength of System
Main Band Level Level Multiply by 10°20

(cm-l). Molecules™) emZem!

588.767 o1lo 000 118 + 9

696.140 10% otlo 0.354 + 0.020

938.849 0091 1ogo 0.254 7 0.010
1168.134 02% 00% 38.5 +11.5
1284.907 10% 00% 996 £ 40

o 1

1634.989 0091 010 0.278 + 0.02
1749.058 03'o 00%0 0.241 ¥ 0.02
1880.268 1110 co‘l’o 1.66 +0.08
1974.571 2090 o1lo =0.024 + 0.002"
2223.756 00°1 00°0 5710 + 259~
2322,624 04°0 00°¢ 2.7+0.3
2461.998 1250 0020 33.4+ 1.5
2563.341 20% 00°0 135 £7
2798.290 01 gl 00% 9.627% 0.96
3363.974 02°1 oogo 10.6 7 0.5
3480.821 1021 0020 197 £19
3620.941 14% 00% 0.567+ 0,02, - 0.05
3748.252 22% oogo 412+ 0.2
3826.373 30% 0% 8.15%1 0.4
4061,979 u}l 00°0 0.111 + 0,006
4335.798 23 0 oogo 0.1+ 0.1, - 0.07
4417.379 00°2 00°0 6.9 + 0.7
4630164 12901 00% 0.667+ 0.07
4730.828 20}’: 00% 4.4+70.4
4977.695 01 2 0020 0.0 + 0.008
5026.34 3200 030 0.29 ¢+ 0.04
£i05.65 40%0 0c"0 0.29 ¥ 0.03

*Only the Q-branch at 1974.571 is listed becausa the lines in the P- and R-branches

are very weak.
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TABLE 12. NpO BAND STRENGTHS. (From McClatchey, et al., 1973 [128].)

F:_.
Band Certer Upper Lower Isotope Sv at 296K
ve Tevel Level (Multiply by 10-20
fem™h) Molecules™} emZcm™})
1 ()
588.767 01°0 00% 446 98.4
579.367 ozgo ox}o 446 4,90
588,983 02%0 otlo . 446 © o 11.26
580,924 os}o 0220 446 ' 0.599
571,308 03,9 0230 446 0.256
589,205 0370 02:0 446 0.958
595,361 11,0 10% 446 0.216
585,320 0130 00°0 546 0.356
575.5 oxio 00°0 456 0.356
586.3 . 01,0 00°9 447 0.039
584,1 01’0 00% 448 0.197
696.140 10% o:lo 446 _ 0.294
938,849 00°1 10°0 446 0.223
1168.134 02% 20% 446 31.7
1160.291 030 o1lo 446 5.72
1:5;.436 Mgo oz‘z’o 446 0.201
1153,40 040 02%0 446 0.228
1177.750 0220 00°0 446 .
1284,9C7 m‘l’o 00% 446 872,
1291.501 1nlo o1lo 446 100.6
1293.864 12% 02%0 446 3.16 :
1207 02g 1230 0220 446 5.92 i |
}g;g.tg; 2070 10‘1’0 446 3.73 X
. 130 0320 46 0.390 :
1300.791 13‘1’0 oafo 446 0.364 ;
1285,589 " 2120 110 446 0.412 o
1280.5 1070 oc‘l’o 456 3.15 !
1286.4 110 0170 456 0.354 1
1269.894 1020 oo‘l’o 546 3.15 X
1277.760 1120 01lo 546 0.362 %
1247.9 1010 0670 448 1,75 ~
1255,7 uoo 01°0 448 0.200 )
1265,5 16°% 00% 447 0.350
1634.989 00°1 o1lo - 446 | 0.221
1749.058 03lo 00%0 446 0.200
! {
: 1880,268 1110 00% 448 1.41
; 1886.018 1220 o1lo 446 0.156
, . - 1
; 1893.231 100} pIR0) 446 0.053
1974.571 200 b1lo 446 Sq = 9.024
2181.66 05°0 10°0 446 .
*No value given. ‘ i
_;f‘-‘ 130 é
. - i
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TABLE 12. NzO BAND STRENGTHS. (From McClatchey, et al,, 1973 [138].) (Continued)

e N Wb s o oy o oo

Band Center Upper Lower Isotope Sv at 296K
Ve Level T.evel (Multiply by 10-20
(cm'l) Molecules™} em?em™h)
2223.755 00‘1’1 oo‘x’o 448 5023,
2209,523 011 oi1lo 446 568.
2195,840 2201 ozgo 446 16.8
2195,387 0221 0240 446 31.8
2195.914 10‘1’1 10‘;0 4486 10.1
2182,200 63,1 03,0 446 1.958
2)81,3285 031 93,0 446 1.88
2181.711 114 110 446 1.10
2193.623 aogz 00°1 446 0.201
2171.659 001 0070 456 18.1
2164.13 011 010 456 2.04
2201,€04 co‘;l oo‘l’o 546 18.1
2187.389 01'1 01°0 546 2,10
2218.97 oog’x oo‘l’o 448 10.1
2204.70 0171 01°0 443 1.15
2221.3 oo‘l’x 0070 447 2.01
2207.25 011 01'0 447 0.234
2322.6245 04‘1’0 oo?o 446 2.11
2308.109 05'0 oi'o 446 0.54
2461.998 12‘1’0 oo‘l’o 446 27.6
2457.446 130 01'0 448 4.68
2452,807 1470 ozgo 446 0.239
2453.851 1420 02%0 416 0.321
2463.345 22° 10%% 446 0.192
2563.341 2090 oo‘l’o 446 120,
2577.096 2110 o1l0 446 12.2
2580,118 22(2’0 ozgo 446 0.343
2588,310 22%0 020 446 0.648
2551,466 3090 109¢ 446 0.696
2534.21 2000 0000 546 0.454
2554.9 20" 0000 456 0.384
2491.3 20°0 00%0 448 0.192
2474.785 1220 00%0 448 .
2798.220 o1l1 oo‘l’o 446 8.05
2715.207 0291 0170 246 0.401
2784,270 0211 01.0 446 0.912
2763.124 o3t 029 446 0.025
2753.508 osgt 0220 446 0.020
2770,594 03%1 02%0 446 0.078
3353.974 oz‘l’x 00%0 446 8.82
3342.491 031 o:lo 445 1.57
*No value givea.
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TABLE 12. N3O BAND STRENGTHS. (From MeClatchey, et al., 1973 [128].) (Concluded)

FORMEALY WRLOW RUN LAKOHRATORIES, THE UNIVERSITY OF MiCiHIGAN

Band Center Upper Lower Isotope ! Sv at 296K
Ve Level Level (Muttiply by 10-20
(em™) Molecvles ™! em2cm ™))
3480.821 10%1 00% 446 173,
3473.212 nh o1lo 448 19,24
3462.030 1231 021‘,’0 446 0.563
3464.713 12°1 020 446 1.064
3445.921 2001 10% 446 0.652
3443.659 1001 (090 546 0.627
3430.95 1001 0070 456 0.627
3439.1 10°1 00% 448 C.348
3466.54 oego 00% 446 *
3474.65 060 00°0 446 »
3748.252 2270 0070 446 3.52
3747.031 23°0 o1'o 446 0.512
3620,941 14% 00°0 446 0.492
3836.373 30% oo‘;o 446 7.28
3857.612 s1lo o1lg 446 0.698
4061.979 1 00°0 446 0.002
4335,798 2210 00% 446 0,083
4417,379 0092 oo‘l’o 446 6.07
4388,928 01i2 o1’p 446 0.686
4630,164 129) 00°0 446 0,597
4730.828 20%) 00% 446 3.90
4730,408 2111 o1lo 446 0.410
4977.695 01l2 00°0 446 €.058
5026.34 3200 0096 44€ 0.255
5105.65 40%0 00%0 446 0.255
*No value given,

PR NP O
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TABLE 13. ROTATIDONAL CONSTANTS USED IN THE
CALCULATION OF CO LINE POSITIONS. (From
McClatchey, et al., 1373 {138].)

Symbol Value
“ 2169.836
wX, 13.295
wY, 0.0115
B, 1.931285
ae £.017535
Ye 1.01 x 10”3
n 8.12x 10°°
Be 1.0 x10™°

TABLE 14. STRENGTHS OF CO BANDS. (From
McClatchey, et al., 1973 {138].)

1-0 2-0 3-0
Strength, S(cm™!/molecule-em™2) 9.70x 10718 6.99x 10720 4.83x 10722
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at approximatelv 83% i not considered in the compilation, although it is responsible for some
continuurs absorption. But its effect is minor, and ignored in most of the models described in this
report., v

One should consult a text like Herzberg [151] for a complete discussion of the O2 molecule,
but a thumbnail sketch. of its more important features is given in the compilation report by
McClatchey, et al. Without a coraplete description of terme used in the equations cited for the
determination of line parameters, however, one must consult the original references {cited in
the Bibliography) for a more therough understanding of the ise of the equations.

4.6.2.5 Water Vapor (HZO)

Onme of the twc most important molecules effective in atmospheric transmittance and radiative

transfer is HZO in the gaseou